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N. Kojekine. ComputerGraphicsandComputerAidedGeometricDesign
by meansof CompactlySupportedRadialBasisFunctions.

In this work, an approachbasedon the usageof compactlysupportedradial basisfunction
(CSRBFs)andspeciallydesignedsoftwaretool thatwasdevelopedarepresented.Theapplications
includesurfaceandvolumereconstructionusingimplicit functions,3D morphing,space-mapping
techniquefor surfacetransformations,surfacesmoothing,andsurface(andimage)retouching,and
others.Thanksto theef�cient octreealgorithmusedin this work to provide real–timecalculations,
theresultingmatrixfor CSRBFsis abanddiagonalmatrixthatreducescomputationalcost,simpli�es
implementation,andpermitshandlinglarge datasets. Algorithms aredescribedin detail and the
resultsof experimentsaregiven.

Examplesoftwareandimagespresentedin this work areavailable for evaluationon the web

pagehttp://www.karlson.ru/csrbf/ .
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Preface

Computergraphicshasbeena popularareaof computersciencefor the last few
decades.Therearefour main applicationsfor 3D computergraphics:Computer
Aided Design,Scienti�c Visualization,andthe ever-growing entertainmentbusi-
nesses(CinemaandTV animation)andComputerGames.Thereis someover-
lap betweenthesecategories— on thelevel of themathematicaltheoryon which
graphicsalgorithmsarebasedthey areexactly thesame,themaindifferencesare
on theprogramlevel. Developmentof applicationprogramsis now anindustryin
itself (see,for instance,[1], [2]).

It wasnotedin [3] and[4], that startingfrom the pioneeringpaper[5] by V.
Savchenko et al. in 1995muchof theattentionhasbeenpaidto radialbasisfunc-
tions (RBFs). Many researchersexploited theadvantagesof RBFsin their works
andhavestatedthatRBFsprovideaveryhigh level of realismandactuallyexhibit
many qualitiesessentialfor computergraphics.But suchqualitiescomeataprice.
The algorithmstend to be computationallyexpensive andmustbe implemented
onhigh–end,special–purposehardwareaffordableonly by universitiesthroughre-
searchfounding or by companieswhosefocus is computergraphics. Even the
efforts of optimizing thesealgorithmsin recentworks(like thework of B. Morse
at al. [4] in 2001,or thework J.C. Carrat al. [6] in 2001)andtheevolution of the
computerhardwarewerenot enough— despiteof all theseefforts RBFsarestill
notwidely usedfor largeproblemsof scattereddatainterpolation.

So the main goal of this work wasnot only to make the calculationof RBFs
moreeffectively, but alsoto developnew algorithmsandapplications,whereRBFs
couldbe�nally applied.Thereis notool or approachto solveall problemsatonce.
Eachdescribedapplicationrequiredthe developingof the specialalgorithmsfor
thisexactproblem.Becauseof thisapproachasuccessfulresultevenfor real–time
problemslike computeranimationwasachieved.

Textualdescriptionsof graphicalalgorithms,no matterhow detailed,aredif�-
cult to translateinto realworking code,evenfor experiencedprogrammers.Soin
this work I usedpseudo–codeto representthe algorithmasnearto it' s computer
codeaspossible.Suchproblemsthat occuronly during the actualrealizationof

1



thealgorithmfor computerarealsoaddressed.
All algorithmspresentedin thiswork areuniqueandthey were�rstly designed,

implementedandappliedby theauthor. If consideringRBFsasa generalinterpo-
lation tool themainnew point of this work lies in thealgorithmof scattereddata
sorting. Actually, thereis sometrade–off betweentheef�ciency of computations
andtheinterpolationqualities.By applyingcompactlysupportedradialbasisfunc-
tions (CSRBFs)insteadof RBFs we get a sparsematrix and later changeit to
band–diagonalusingoctree–basedspacerecursive subdivision data–sortingalgo-
rithm developedin thiswork. As farasI know suchcombination— RBFs � octree
and�nally band–diagonalmatrix for unordered,unconnectedpoint clouddatasets
is uniquein theworld.

Justoptimizingthealgorithmfor RBF interpolationis notenoughfor effective
application,aswasnotedabove. Eachdescribedapplicationalsohasa novel and
uniquealgorithmdevelopedespeciallyfor it. New octree–basealgorithmswere
developedfor surfaceextractionfor theapplicationof surfacereconstructionand
for fastevaluationof deformationfor computeranimationapplications.As a re-
sultof theseoptimizationsreal–timespeedfor animationwasachieved,evenwith-
out hardwareacceleration,while mostcommonin computeranimationapproach
of matrix skinning(applicationof linear transformations)sufferersfrom obvious
drawbacks,asnotedin [7].

For the problemsof surfaceretouchingandmeshsmoothinga novel ideaof
replacingsurfacereconstructionby spacemappingwasintroduced.Thesedevel-
opmentsallowedto applyCSRBFsin a �eld whereadirectapplicationof RBFsas
areconstructionwouldbeverycomputationallyexpensive,evenif optimized.Also
a new holestitchingalgorithmbasedon dynamical–programmingwasdeveloped.
Thisallowedto solveaknown NP–full problemin reasonabletime,reducingexpo-
nentialcomplexity to cubic.A relationbetween2D and3D problemswasexploited
for imageinpaintingproblem. In spiteof the fact that it canbe appliedfor suf�-
cientlysmallscratchlikeareas,theproposedapproachprovidesrathergoodvisible
results(comparablewith solutionsbasedon PDE,which do in�uence stronglythe
computationalwork) in almostreal time. Finally, an idea of local CSRBF, i.e.
sucha function that accumulatesextrapolationdatafrom the previous stepswas
introduced.

Theproblemsitself comefrom practicalnecessities,andthecomponentsused
(RBFs,CSRBFs,octree,dynamicalprogramming)arevery well known in com-
putergraphics.Building a new approach,algorithmandsoftwarefrom theseexis-
tentcomponentsis aninterestingandexiting taskfor CAD andCG communities.
This new considerationof practicalproblemshasallowed to bring new solutions.
For instance,in shapesmoothinganumbrellaalgorithmis usedin themostappli-
cations,herea new approachbasedon takinginto accountthefeaturesof RBFsto



provide agoodblendingwasapplied.
Surfaceretouchingof polygonaldatasetsis almosta non–investigatedarea,

nevertheless,with comingnew rangemeasurementsystemsnew applications,at
least in archeologystudiesappear. A new fast algorithmdevelopedand imple-
mentedin this work allows drasticallydecreasecalculatingtime;seethecomplex-
ity estimationgivenin theChapter5.



Chapter 1

Intoduction

1.1 Approachesand the problemstatement

Many practicalsurfacereconstructiontechniquesbasedon measureddatapoints
requirethe solutionof optimizationproblemsin the �tting of surfacedata,such
as,restorationdesignor reverseengineeringtasks. Oneof the applicationscon-
sideredin this work, namely, reconstructionof volume geometricmodels,is an
attractive researchdirection: it makespossibleto speedup thesolutionof reverse
engineeringproblemsby usingscatteredmeasureddata,andaddressesthedemand
for the reconstructionof volumemodelsthat allow a rich setof operationsto be
applied. Recently, many researchershave paid attentionto possibilitiesopened
by using radial basisfunctions(RBFs) for surfacereconstructionof functionaly
de�ned objects. Traditionally, constructive solid geometry(CSG)modelinguses
simplegeometricobjectsfor a basemodel,which canbe furthermanipulatedby
implementinga certaincollectionof operationssuchasset-theoreticoperations,
blending,or offsetting. The operationsmentionedabove andmany othershave
found quite generaldescriptionsor solutionsfor geometricsolidsrepresentedas
points � x � y� z� in spacesatisfying f � x � y� z��� 0 for acontinuousfunction f . Sucha
representationis usuallycalleda functionrepresentation. Set-theoreticsolidshave
beensuccessfullyincludedin this type of representationwith the applicationof
R-functionsandtheir modi�cations(see[8], [9]).

Mappingscanbecontrolledby numericalparametersof prede�nedfunctions,
by control points,andby differentialequations.Indeed,whenwe areusingonly
genericpropertiessuchasthe positionof a point of the object that is deformed,
theproblemof constructinga smoothsurfacesatisfyingcertainconstraintscanbe
formulatedasamappingfunction �

3 �

�

3. Suchspacemappingtechniquebased
onRBFsis apowerful tool, whichofferssimpleandquitegeneralcontrolof simu-
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CHAPTER1. INTRODUCTION 5

latedshapes.In fact,a modelof extendedspacemappingis usedandincorporates
geometricspacemappingsandfunctionmappingsfrom �

3 �

� .
In this work not only the modeling(or reconstruction)problemis addressed;

thewide rangeof CG applicationsbasedon spacemapping— shapetransforma-
tions, surfaceretouching,meshsmoothing,andothers— show that RBFsseem
ready–madefor many applicationsin computeraidedgraphicdesign(CAGD),
even for interactive 3D modi�cation andsculpting.Thus,theapproachpresented
in thework allows to developanew generationof CAGD systems.

1.2 Overviewof thescattereddata interpolation techniques

A vastvolumeof literatureis devotedto thesubjectof scattereddatareconstruc-
tion andinterpolation.In mostapplications,Delaunaytriangulationis usedfor 3D
reconstruction.Themain ideaof Delaunaydecompositionis to reconstructa sur-
facefrom non-uniformsamplesby connectinga subsetof pointsthat arenatural
neighborsin a triangulatedmesh.This approach(see,for example,[10]) performs
ef�cient Delaunaytriangulationof differentshapetypesreconstructedfrom their
cross-sections[11].

A comprehensive overview of relatedstudies,problems,andlimitationscanbe
foundin [12], which addressestheseproblemsandintroducesa fastalgorithmfor
constructingC2-continuousinterpolationfunctions. Anotherapproachto surface
reconstructionis skeletal.An implicit surfacegeneratedby pointskeletonsmaybe
�tted to asetof surfacepoints[13], but thismethodis rathertime–consuming.

One other approachis to usemethodsof scattereddatainterpolation,based
on minimum-energy properties[14], [15], [16]. Thesemethodsare widely dis-
cussedin mathematicalliterature(see[17], [18]). The bene�ts of modeling3D
surfaceswith the help of RBFshave beenrecognizedin [19] for Phobosrecon-
struction.RBFswereadaptedfor computeranimation[20], [21] andmedicalap-
plications[22], [23], andwere�rst appliedto implicit surfacesby Savchenko et
al. [5]. However, thework requiredis proportionalto thenumberof thegrid nodes
andthenumberof scattereddatapoints.Theamountof computationbecomessig-
ni�cant, even for a moderatenumberof nodes.Specialmethodsfor reducingthe
processingtime weredevelopedfor thin–platesplines[24]. Theoreticalaspectsof
usingradial functionsin compactdomainswerediscussedby Light in [25]. Carr
et al. [6] have alsorecentlyworkedon surfacereconstructionof implicitly de�ned
3D objectsbasedon the useof non–compact(fast)RBFsanda "both–side"ap-
proach,which hasbeenproposedin [3]. Unfortunately, theauthorsof thatpaper
did notdescribetheiralgorithmin detail.Theapproachtakenby Turk andO'Brien
in [3] of usingpointsspeci�edon bothsidesof thesurfacewill provide successful



CHAPTER1. INTRODUCTION 6

restorationof a surfacearbitrarytopology, but it involvesdrawbacksthat leadone
to supposethatit wouldbeinef�cient for applyingRBFsin volumereconstruction.
It is beyond the scopeof this work to discussall thesematters;let it be noted,
however, that thereis a problemof constructingor specifyingoff–surfacepoints
alongasurfacenormalthatalsoleadsto adoublingof thegivennumberof surface
points. The "both–sides"approachalsohasa problemwith surfaceextraction: a
surfaceextractorcanjumpoutsidethebandof non-zeropoints.

Methodsexploiting RBFscanbedivided into threegroups.The�rst groupis
"naive" methods,which arerestrictedto smallproblems,but they work quitewell
in applications,dealingwith shapetransformation(see,for example,[26]). The
secondgroupis fastmethodsfor �tting andevaluatingRBFs,which allow large
datasetsto bemodeled[27], [24]. Thethird andlastgroupis compactlysupported
RBFs[28]. In spiteof signi�cant progressin the�eld of implementingRBFsand
CSRBFs[4], for reconstructionpurposes,it is still an openquestionwhetherit
is possibleto handlerealisticamountsof datain real time. RBFsandCSRBFs
aresuitablefor moderatelysized3D datasets;for instance,theexecutiontime is
about300secondsfor 36000points,without time costsfor surfaceextraction,as
reportedin [4], wherethe authorsusedcommercialsoftware for SLAE solution
andemployedthe"both–sides"approachto reconstructimplicitly de�ned objects.
Nevertheless,RBFspossessmany featuresthatmake themvery attractive for CG
applicationsdealingwith modi�cation of geometricobjects.In thesimplestcase,
it is possibleto usesphereasa carriersolid to generateCSGobjects,nevertheless
it restrict's applicationsto therestorationof objectscloseto a sphere.However, it
seemsthatusingothercarriersolidsordividing thepointdatain partsandmodeling
thewholeobjectby booleancombinationof thedifferentCSRBFfunction,it could
be possibleto modelany type of geometry, but it canbe very dif�cult to select
appropriatecarriersolidor appropriateseparationfor thedataset.

An approachandsoftwaretoolkit developedin thiswork canbeusedbothwith
carriersolid and"both–sides"approachesandsomeexamplesof restorationusing
both approacheswill be demonstratedin this work. Nevertheless,generallywe
avoid using"both–sides"approachbecauseit is notsuf�ciently clearhow to de�ne
right normalvectorsfor scattereddatasets.It wasnoticedduringtheexperiments
with applicationsof theproposedtools that theresultsof restorationsheavily de-
pendon thenormalvectors.

Themaincontribution of this work is automatedcorrectionof rangedataand
animationsbasedon the space–mappingtechnique,aswill be illustratedlater in
thiswork.

In practice,reconstructionwith RBFsconsistsof the following steps:sorting
thedata,constructinga systemof linearalgebraicequations(SLAE), solving the
SLAE, andevaluatingthefunctions.In fact,while thesolutionof thesystemis the
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limiting step,constructingthe matrix andevaluatingthe functionsto extract the
isosurfacemaybealsocomputationallyexpensive. In thiswork anattemptto solve
the reconstructionproblemaccordingto the above- mentionedstepswas made.
Thus,oneof thegoalsof thethiswork, wasto developaneffective library of C++
classesthatcanbesuccessfullyappliedto computationallyintensive problemsof
surfacereconstructionanddeformationusingRBF splines. The key point of the
softwaretools developedis the ef�cient octreealgorithmproposedin this study:
theresultingmatrix is a band–diagonalmatrix thatpermitshandlingof large data
setsin a reasonabletime.

A wide spectreof geometricproblmescanbe solved on the basisof CRBFs
approachasit will beshown in thiswork.

1.3 RBF splines

For a three-dimensionalarbitraryareaW, the thin-plateinterpolationis thevaria-
tional solutionthatde�nesa linearoperatorT whenthefollowing minimumcon-
dition is used: �

W
å

�

a
� �

m

m! � a! � Da f �

2dW � min�

wherem is a parameterof thevariationalfunctionalanda is a multi-index. It is
equivalent to using the radial basisfunctionsf � r ��� r1 or r3 for m � 2 (for 2D
case)and3 (for 3D case),respectively, wherer is theEuclideandistancebetween
two points.Sincethefunctionf � r � is not compactlysupported,thecorresponding
systemof linear algebraicequationsis not sparseor bounded.Storingthe lower
trianglematrix requiresO � N2

� real numbers,and the computationalcomplexity
of a matrix factorizationis O � N3

� . Thus, the amountof computationbecomes
signi�cant, evenfor amoderatenumberof points.

Wendlandin [28], constructedfor �

3 anew classof positive de�nite andcom-
pactlysupportedradialfunctions,thathave theform

f � r �����

y � r � � 0 	 r 	 1
0 � r 
 1

�

wherey � r � is aunivariatepolynomial,andits radiusof supportis equalto 1. Scal-
ing of thefunctiony � r � a � � allows usingof any desiredradiusof supporta.

In theapplication,asimplefunctiony 2 � 0 � r ��� � 1 
 r �

2
� , whichsupportsC0 con-

tinuity wasselected.Thisfunctionis simpletocalculate.However, otherfunctions,
thatsupporthighercontinuity, canalsobeused.For morereferencessee[29].
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Thevolumespline f � P� having valueshi atN pointsPi is thefunction

f � P ���

N

å
j

�

1
l j f ��� P 
 Pj � � � p � P � �

wherep � v0 � v1x � v2y � v3zis adegreeonepolynomial.To solvefor theweights
l j it is neededto satisfytheconstraintshi by substitutingtheright partof equation,
whichgives

hi �

N

å
j

�

1
l j f ��� Pi 
 Pj � � � p � Pi � �

Solving for the weightsl j andv0, v1, v2, v3 it follows that in the mostcommon
casethereis a doubly borderedmatrix T, which consistof threeblocks,square
sub–matricesA andD of sizeN � N and4 � 4, respectively, andB, which is not
necessarilysquareandhasthesizeN � 4.

Heightshi , arenot necessarilyvaluesof a carrierfunction. Arbitrary pointsin
theEuclideanspaceEn (moreprecisely, vectorsof deviationsof somede�ned 3D
points)canalsobeused,aswill beshown laterin thiswork.



Chapter 2

Compactly supported radial basis
functions

2.1 Algorithm

2.1.1 Sorting of scattered data

Space–recursive subdivision is an elegant and popularway of sorting scattered
3D data. In this work an ef�cient approachbasedon the useof variable–depth
octaltreesfor spacesubdivision is poposed,whichallowsusto obtaintheresulting
matrix asa band–diagonalmatrix thatreducesthecomputationalcomplexity. The
algorithmproposedin this work is original,andtheperformanceof this algorithm
dependson theuniformity of thedistribution of thegivenpoints.

The �rst goal is to build an octal tree [30] datastructurefrom the original
points.For eachnodeof thetree,it is neededto storethefollowing:

� apointerto theparentnode,

� 8 pointersto child nodes,

� apointerto thelist of points(empty, if thisnodeis nota leaf).

Thetotalamountof memoryneededto storesuchatreeis (memoryfor eachnode)
� (numberof nodes)� (memoryneededto storepoints) � N. In softwareimple-
mentation,astandardapproachfor creatingthetreefrom aninitial pointdatasetis
used,with anadditionalrequiredparametricvalueK, whichdenotesthemaximum
numberof pointsin the leaf. For the sake of convenience,all N pointsin a unit
cubearescaled.Afterwardsthiscubeis dividedinto 8 equalsub-cubes.All points
aresharedamongthesesub-cubes.The root of the treecorrespondsto the initial

9
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cube,andthe8 sub-cubescorrespondto 8 nodeslinked with the root of the tree.
This procedureis appliedto eachcube,until all K points lie in their own small
cubes. If oneof the 8 cubesdoesnot containpoints in the currentstepit is not
neededto build asub–treein thatdirection.

Afterwardsthistreecanbeusedto searchfor neighborsof any givenpointfrom
thegivenN points.Theneighborsarepointsof a sphereof radiusr, whosecenter
is locatedat thegivenpoint. Wecall thissphereanr-sphere.

To acceleratethesearch,the treeis simpli�ed aftercreationby removing un-
necessarynodes.If thenodeA hasonly onesub-nodeB, it is possibleto remove
the A nodeandreplaceit with B. For example,seeFig. 2.1 (numeralsrepresent
nodenumbers).

Initial octaltree Octaltreeaftersimpli�cation
0

01

010

0102

02

021022

0

0102 02

021022

Figure2.1: Octaltreesimpli�cation.

This procedureis reasonableto useonly if K is small.
An application-programming library wasdevelopedandcontains7 mainC++

classes:

� TheCDataListclassde�nesa stack,which is usedin softwareimplementa-
tion, insteadof a list,

� TheCDataListItemclassrepresentsanelementof thestack,

� TheCGetFunctionsclassde�nesaninterfacefor functionsdependingonthe
datastoragetechnology,

� TheCPointFunctionsclassinheritedfromCGetFunctionsclasscontainsfunc-
tionsconnectinga COctupleTreeclasswith thearrayof points,andalsothe
conditionthatpointsin spacebelongto thesamer-sphere,

� TheCNodeNumberclassservesto describethenode's numberin thetree,

� TheCOctupleTreeclassde�ning theoctaltreecontainsthemainfunctions,

� TheCOctupleTreeNodeclassservesto representthenodein theoctaltree.
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The complexity of creationandsearchingfor neighboursusingan octal tree
stronglydependson the initial dataandthe parameterK. The depthof the tree
dependson the lengthof the cubeedgecorrespondingto the leaf. This lengthis
equalto � 1� 2�

M , whereM is the depthof the treeanddependson the original
data. If the initial pointsaredistributedmoreor lessuniformly, thenthe treewill
have suf�ciently uniform �lling andwill besymmetric.If K � 1, at that time the
treewill becloseto a full octal treewith N leaves. Themaximumcomplexity of
searchingthetreewill beproportionalto thedepthof thetree,thatis,

�

log8N � .
More detailesof thesealgorithms,includinga C++ library description,canbe

foundin http://www.kar ls on.r u/c sr bf .
Theprocedureof searchingfor theneighborsof a point in a givenr-sphereis

appliedseveral timesin theapplication.For example,it is usedin thecalculation
of thesplinefunction

f � P ���

N

å
j

�

1
l j f ��� P 
 Pj � � � p � P � �

to sumuponly thepointsthatareneighborsof thespeci�edpointwith coordinates
� x � y� z� . However, the�rst applicationis theconstructionof thebanddiagonalsub-
matrix f ��� P 
 Pi � � , which accountsfor a signi�cant portion of the computational
cost. Band-diagonalsystemshave a1 � 1 of nonzeroelementsto the left of the
diagonalanda2 � 1 of nonzeroelementsto its right. Thesenumbersareequal,
becausematrix is symmetric. In application,to storethe band–diagonalmatrix,
a so–calledpro�le form or a slightly modi�ed Jenningsenvelopescheme[31] is
used. To storethe matrix A, an arraycanbe usedfor diagonalelements;values
of non-diagonalelementsandcorrespondentindicesof the�rst non-zeroelements
in thematrix linesareplacedin two additionalarrays.To make sub–matrixband
diagonal,it is neededto re–enumeratetheinitial pointsin aspecialway.

In thischapterthefollowing algorithmis proposed,named"Sortingdatausing
anoctaltree"(seethepseudo–codein Fig. 2.2):

� Takeapoint from theinitial dataandput it in thelist.

� Go throughthelist andfor eachpoint in the list searchfor theneighborsin
theinitial data.Whennew pointsarefound,addthemto thelist.

� Remove from theinitial arraypointsthathave beenplacedin thelist.

� If thereareno morepointsin thelist (that is, if all pointswereappendedin
thesecondstep),thentake the �rst point remainingin the initial arrayand
repeattheabove steps.
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2.1.2 Constructing systemof linear equations(SLAE)

As a resultof the algorithmdescribedin the previous section,a bandwith max-
imum sizea1, that is, the maximumnumberof the neighborsof a point, is ob-
tained.Themaximumcomplexity of this algorithmis thecomplexity of searching
for neighborsthroughtheoctal treefor eachpoint, i.e., N � (themaximumcom-
plexity of thesearchingalgorithm). It is possibleto reducecomputationaloutlays
by calculatingthe matrix andorderingof the pointssimultaneously. In the �rst
stepof sortingalgorithm, the �rst point anda list of its neighborsareavailable.
This meansthatwe cancalculateonerow (andonecolumn)of theband–diagonal
sub-matrix.In thenext step,we take thesecondpoint andcalculatethenext row
of thematrix,andsoon,until theentirematrix is calculated.

After sortinga bandedmatrix asillustratedin Fig. 2.3 is obtained;that is, the
matrix hasthemaximumnumberof nonzeroelementsfor somepoint. Naturally,
theresultsof matrixconstructiondependon theappropriateselectionof theradius
of ther-sphere.Notethat thespecialorderprescribedby a sparsematrix to mini-
mize�ll-ins is not important.Notealsothatthehalf-widthfor theselectedr cannot
be decreased.Consideringthe following unlikely event will clarify this concept.
If all neighboringpointsareconnected,a graphwill beobtained,andif this graph
hasacycle,thenthemaximumsizewewill obtainis lessthanor equalto thecycle
length. Thus,if theradiusis quite large, thenthecycle will includenearlyall the
pointsfrom theinputdata.In thiscase,themaximumsizeof thebandwill alsobe
large,andanexpansionof thebandat somepoint will occur. Thepositionof the
expansionis not importantfor implementation.

2.1.3 SLAE solution

Notethatgoalsin solvingany sparsesystemareto save timeandspace.According
to a theoreticalestimationandown practicalexperiencewith thereconstructionof
surfacesbasedon usingRBFssplines,the bestmethodof solutionis the House-
holder method[32]. However, this methodis time–consumingthat becomesa
crucialdrawbackin practicalreconstructionproblems.Theattractivenessof using
implicit methodssuchasconjugategradientmethodsfor largesparsesystemshas
beenwell recognizedin variousapplications.If matrix T is positive de�nite and
symmetric,thealgorithmcannotbreakdown, in theory[33]. Conjugategradient
methodswork well for matricesthat are well-conditioned. In practicalapplica-
tions,this restrictioncanlimit theaccuracy with whichasolutioncanbeobtained,
andthusit is preferableto useexplicit SLAE solutionmethodsfor matricesstored
in pro�le form. Theadvantageof GaussianLU decomposition[34] hasbeenwell
recognizedand many software routineshave beendeveloped. For a symmetric
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andpositive de�nite matrix, a specialfactorization,calledCholesky decomposi-
tion [32], is abouttwiceasfastasalternative methodsfor solvinglinearequations.

A SLAE in the form Tx � b is obtained,wheresymmetricmatrix T consists
of four blocks: A, B, C, andCT . Sub-matricesA, B, andC have sizesN � N,
k � k, andN � k, respectively. A is a band-diagonalmatrix, k � 4 for 3D case,
B � 0. A combinationof blockGaussiansolutionandCholesky decompositionwas
proposedby GeorgeandLiu in [33], andin presentedapplicationtheirapproachis
used.

2.1.4 Evaluation of the function

While thesolutionandconstructionof theSLAE arevery computationallyexpen-
sive tasks,theevaluationof theCSRBFsplinefunction

f � P ���

N

å
j

�

1
l j f ��� P 
 Pj � � � p � P � �

canalsobevery expensive, especiallyin suchtasksasimplicit surfaceextraction
(in this casespline function needsto be evaluatedfor every nodeof somegrid)
andshapetransformation.The oct–treebuild on the previous stepto accelerate
theevaluationof thefunctioncanbeused;thealgorithmof evalutaionis shown in
pseudo–codein Figure2.4.

2.2 Summary

A setof softwaretoolsthatusecompactlysupportedradialbasisfunctions(CSRBFs)
to processscattereddatawasproposedanddeveloped.Thanksto theef�cient oc-
treealgorithmusedin this work, the resultingmatrix is a band–diagonalmatrix
thatpermitshandlingof largedatasetsin a reasonabletime.

In thenext chaptersof this work this resultwill beusedto solve variousprob-
lems from computergraphicsand computeraidedgeometricdesign,especially
problemsconcerningtheprocessingof scattereddatain suchapplicationsasrecon-
structionof functionalyde�ned geometricobjects,surfaceretouching,andshape
modi�cations.
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input_list — unsortedlist of points
output_list — sortedlist of points
neighbors_ids_l is t — temporarylist of integers

i := 0
while (input_list.leng th � 0) do
begin

// add�rst elementof input_list to output_list
// remove �rst elementfrom input_list
output_list.add (in put_ li st [0] );
input_list.remo ve( 0) ;
while (i < output_list.len gth ) do
begin

// �nd in input_list all neighborsof output_list[i] and
// put their indicesinto neighbors_ids_li st
// thiscanbedonewith thehelpof octree
neighbors_ids_li st =

FindNeighbors( outp ut _li st [i ], in put _l is t) ;
for j := 0 to neighbors_ids_l is t. le ngt h do
begin

// addneighborelementof input_list to output_list
// remove thiselementfrom input_list
output_list.add( in put_ lis t[ neig hbors _l is t[ j] ]);
input_list.remov e( neig hbo rs _i ds _l ist [j ]) ;

end
end

end

Figure2.2: Datasortingto obtainaband-diagonalsub-matrix.

Figure2.3: An exampleof a typical band-diagonalmatrix constructedby thepro-
posedalgorithm.
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x,y,z — pointweresplineis evaluated
base_points_lis t — thelist containingintial scattereddatapointsfor CSRBF
spline_coeffici ente s_l is t — coef�cients of spline
neighbors_ids_l is t — temporarylist of integers

result=0;
// �nd all neighboursof thegive point x,y,z
// andput their indicesinto neighbors_ids_l ist
// thiscanbedonewith helpof octree
neighbors_ids_l ist =

FindNeighbors(x, y, z) ;
for j:=0 to neighbors_ids_ lis t. le ngth -1 do
begin

// calculatef ����� x 
�� xi � �

phi := Phi(base_points _l ist [n ei ghbors_ id s_ li st [j] ],
x,y,z);

// correctdisplacementin accordancewith
// in�uence of currentneighbor;
// splinecoef�cients couldbecalculatedearlier
result := result + SplineCoeffici ent[j ]* phi;

end
return result;

Figure2.4: Algorithm for evaluatingof CSRBFfunction.



Chapter 3

Surface/volumereconstruction

3.1 Overview of surfaceand volume �tting techniques

3.1.1 Implicit functions representation

Implicit functionsare real valuedfunctionsde�ned in 3D space,w � F � x � y� z� .
Two primitive operationsarerequired:theability to evaluatethefunction,andthe
functiongradientatagivenpoint.

Implicit functionsareverypowerful. It is possibleto representalmostany type
of geometrywith the level setsw � const, especiallyif we usebooleancombina-
tionsof implicit functions(seeSection3.4.2).

By implementingCSRBFs,F � x � y� z� � 0 function representsan implicit vol-
umeof themodel,whileF � x � y� z� � 0 representsanimplicit functionof thesurface.
Thesignof theCSRBFsplinefunctioncanbe alsousedto obtaininside–outside
informationfor thegivenpointandthegivenmodel.

3.1.2 Polygonaldata representation

In modernday, real–time,3D modeling,the useof polygonalrepresentationfor
objectsandlandscapesis nearlyuniversal. While the"native" representationof a
modelfor CSRBFis an"implicit" function,polygonaldatacanalsobeextractedon
a grid from the"implicit" function.Polygonalmodelsareusedin suchapplication
asvideogamesandothers.

Despitethe fact that polygonalrepresentations,even with techniquessuchas
texturemapping,providepoorapproximationsof realworld objects,they arecom-
monlyusedbecauseof their relatively low processorandmemoryrequirements.

Polygonalrepresentationsare unrealisticbecauseof their smoothregularity.
Realworld forms have a certainimperfectionandvariancethat is lacking in the

16
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straightedgesof a platonicsolid. This is especiallyevident whenpolygonsare
usedto representnaturallandscapes,whicharenotcomposedof regularshapes.

3.2 Surfaceand volumeevaluation, and extraction

The surface�tted to a setof surfacedatapoint forms a volumemodelof a geo-
metricobject. Thegeneralideaof thealgorithm[5] is to introducea carriersolid
with a de�ning function fc and to constructa volume spline f � P� interpolating
valuesof the function fc in thepointsPi. Thealgebraicdifferencebetweenf � P �

and fc describesthe reconstructedsolid. Thealgorithmconsistsof two steps.In
the �rst step,a carriersolid object is introduced,which is an initial approxima-
tion of the objectbeingsearchedfor. In the simplestcase,it canbe a sphereso
that fc � Pi � � P2

i � x � P2
i � y � P2

i � z 
 1. Thenthe dataset r associatedwith the points
r i � fc � Pi � : i � 1 � 2 � � � � � N is calculatedatall givenpoints.In thesecondstep,these
valuesareapproximatedby a volumesplinederived for randomor unorganized
points.

Calculationof the resultingsplinefunction is acceleratedin thealgorithmby
usingpreviously createdoctaltree.This alsomakestherenderingtime very small
(seeTable3.2).Thissurfacecanbevisualizeddirectlyusinganimplicit ray-tracer,
andcanbevoxelizedor polygonizedto extracta meshof polygons.For thevisu-
alizationof reconstructedvolumesan implicit functionmodelertool [35], [36] is
used.

3.3 Err or estimationand comparisonof CSRBFand RBF
splines

It is importantto notethat visual inspectionof differentrestorationsshows a de-
pendency of the accuracy of restorationon the choiceof the radiusof support.
Actually, thereis sometrade-off betweenthe ef�ciency of computationsandthe
restorationquality. Visualevaluationof theresultis not suf�cient for anappraisal
of the algorithm,especiallyfor CAGD applications,wherenumericalerror esti-
mationis very importantfor comparisonof variousscattereddatainterpolants.To
compare,somenumericalmeasureof the error of the approximationfound for a
test function is needed.In practice,the root meansquaremeasure(RMS) of the
errorfor thetestfunctionandthemaximaldeviationbetweenthereconstructedand
test functionscanbe used. For the 2D casein [5] the error of approximationby
RBFsfor a "noisy" function wasevaluated. The RMS error is equalto 0 � 02 for
thez-coordinatesof 469randompoints.However, it is neededto statethatasmall
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RMS doesnot guaranteecorrectreconstructionresults.Fromexperience,the re-
sultsof reconstructionheavily dependon theuniformity of datadistribution, and
in thecaseof reconstructionwith CSRBFsthey dependalsoonappropriatechoice
of the radiusof support. Thus,how to evaluatethe accuracy of restorationis an
openquestion. Nevertheless,it is supposedthat RBFsprovide suf�ciently good
interpolationfeatures,and it is illustratedvisually (seeFig. 3.1) the accuracy of
reconstructionasthe booleandifferencebetweenRBF andCSRBFsolutionsfor
thesamedataset"head".

Figure3.1: Visualillustrationof thesolutionasthedifference(whitearea)between
RBFandCSRBFsolutionswith theradii of support0 � 4, 0 � 3, and0 � 2, respectively.

Fig. 3.1showsanincreasingwhitearea(differencethatcanbeobservedonthe
right-handsideof thereconstructed"head")causedby an inappropriatechoiceof
the radiusof support.Let us notethat thereis a lack of datain the lower partof
the"head".Increasingtheradiusof supportprovidesbetterreconstructionresults.
However, thework requiredfor correctreconstructionof theobjectbecomesnearly
proportionalto thetotalnumberof all scattereddatapoints(seeTable3.1).

Solutiontime Memoryrequiredto storematrixA
RBF 20� 2 sec. 8 MiB

CSRBF, r � 0 � 2 0 � 9 sec. 1 MiB
CSRBF, r � 0 � 3 2 � 2 sec. 2 MiB

Table3.1: Comparisonof CSRBFandRBF:processingtimeandmemoryrequire-
mentsfor differentradii of support.

3.4 Experimentsand benchmarks

3.4.1 Surfacereconstruction

Visualinspection(imagesin Fig. 3.2)allows usto judgetheinterpolationfeatures
of thealgorithmdiscussed.Benchmarksaregivenin Table3.2.
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(a) (b) (c)

Figure3.2: Severalexamplesof CSRBFsurfacereconstructions.(a) The"Head"
model reconstruction,(b) The "Seashell"model reconstruction,(c) The "Venus"
modelreconstruction.

Notethattheapproachof 3D surfacereconstructiontakenin thisstudydoesnot
guaranteerestorationof highly topologicallycomplex volumeobjects. As noted
in [37], theaccuracy of therestorationstronglydependson theuniformity of the
distribution of data.Moreover, RBFsdemonstrateexcessive blendingfeaturesthat
leadto undesirablesmoothingeffects.For 3D reconstructionusingcross-sectional
data,in [37] it is proposedthat, for m differentcontoursin oneslice,m different
function descriptionsof separatecontoursmustbe usedandthat union of the m
carrier functionsde�nes the descriptionof the reconstructed2D object. That is,
introducingm carrierfunctionsallows usto localizedifferentcontourssituatedin
onesliceto avoid anexcessive blendingor "spilling" of contours.For the3D case
suchanapproachlooksexceedinglycomplicated.Nevertheless,it is importantto
notice that the resultsof reconstructiondo not dependon the choiceof the car-
rier functions.Naturally, theapproachtakenby Turk andO'Brien in [3] of using
pointsspeci�edonbothsidesof thesurfacecanbeappliedin combinationwith the
CSRBFsalgorithmproposedin thischapter(for example,seeFig.3.3(d)),artifacts
thatcanbeobservedin theimage,werecausedby problemsof surfaceextraction.

3.4.2 Settheoretic operations

If an extractionof the resultingsurfaceasa polygonalmodelis not needed,than
theresultof CSRBFreconstructionfrom scattereddatapointswill berepresented
asafunction f � x � y� z��� 0. Sucharepresentationis usuallycalledafunctionrepre-
sentationor implicit functionrepresentation. CSRBFscanbeusedveryeffectively
asanimplicit modeler. Implicit modelersareusuallyrequiredin suchapplications
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(a) (b)

(c) (d)

Figure3.3: An exampleof a CSRBFreconstructionusing"both–sides"approach.
(a)Source(rangedata)pointsof the"Lion–dog"model(courtesyof Dr. A. Belyaev
of TheUniversityof Aizu), (b) Reconstructionby CSRBFsfrom 19125points,(c)
Reconstructionbasedon thePhDwork of HuguesHoppe[38], (d) Reconstruction
by CSRBFsbasedon the"both-sides"approach.

asmetamorphosis(anexamplewill beshown later in Section3.4.3),but it is also
very effective to usethemin caseswhenapplicationof booleanoperationson the
modelsis needed.For example,it canbeadvantageousto divide aninitial dataset
of pointsusedfor reconstructionin severalsubsets(to avoid branchingproblems),
reconstructeachsubsetasa function andapply the UNION booleanoperatorto
get the whole model. In the software implementationseveral operatorsfor this
operationswerede�ned. They work asfollows. The UNION operatortakes the
minimumvalueof all implicit functions.TheINTERSECTIONoperatortakesthe
maximumvalueof all implicit functions.TheDIFFERENCEoperatorsubtractsthe
2ndthroughlastimplicit functionsfrom the�rst. TheUNION OFMAGNITUDES
takestheminimumabsolutevalueof theimplicit functions.For moreinformation
abouttheseoperationssee[39].

Figure3.4shows anexampleof settheoreticoperationson implicit functions,
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to obtaintheresultingshapeacombinationof threeimplicit functionsis used.The
resultis UNION betweena"Seashell"implicit functionreconstructedby CSRBFs
(see3.2 (b)), andtheDIFFERENCEbetweentwo implict spheres— "Ice cream"
and"Bite". Object"Ice cream"is:

f � x � y� z� � � x 
 cx �

2
� � y 
 cy �

2
� � z 
 cz �

2

 r2

�

where
c � � 0 � 5 � 0 � 0� � r � 0 � 3;

andobject"Bite" is:

f � x � y� z� � � x 
 cx �

2
� � y 
 cy �

2
� � z 
 cz �

2

 r2

�

where
c � � 0 � 5 � 0 � 0 � 3� � r � 0 � 15�

Figure3.4: An exampleof settheoreticoperationswith implicit functionsin 3D.



CHAPTER3. SURFACE/VOLUME RECONSTRUCTION 22

3.4.3 Combinedmetamorphosis

Thetoolkit createdcanbealsousedin conjunctionwith otheralgorithmsto create
animatedapplications.For example3.5 illustratesthe3D applicationof combined
mappingsto producevisually smoothtransformationbetweenthe initial unionof
two tori (genus3) andthe �nal "head"shape(reconstructedby CSRBFandrep-
resentedby implicit function, genus0) in the presenceof obstacles(not shown
on the �gure). The seriesof framesshow the processof temporalmetamorpho-
sis andspatialtransformationsde�ned by the spacemapping(to be discussedin
Chapter4).

Figure3.5: Metamorphosiswith constrains:spatialandtemporaltransformations
in 3D.

3.5 Summary

In thischapteranapplicationof CSRBFsto surfaceandvolumereconstructionwas
presented.A challenginggoalin CGandCAGD is to provideapowerful technique
for modelingtheshapeof anobject.CSRBFsofferamechanismtogetextrapolated
pointsof a surfacefor variouspartsof a reconstructedobjectthatcanbe usedas
"CSGcomponents"to designavolumemodel.Surfaceandvolumereconstruction
asanimplicit functionis veryusefulin for many applicationsthatrequireimplicit
models.

A novel algorithmfor ef�cient isosurfaceextractionof CSRBFimplicit func-
tions was also introduced. Direct methodsfor isosurfaceextraction of implicit
functionssuffer from largecomputationalexpenses,while new octree-basedalgo-
rithm introducedin thiswork allowsto decreasecomputationaltimefor extraction.
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A comparisonbetweenCSRBFandothersurfacereconstructionmethods,in-
cludingthemethodintroducedby HoppeandRBFswasalsogivenandRMSerrors
of CSRBFswereinvestigated.
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"Head",
Fig. 3.2
(a), num-
ber of
points
N �

1487,the
selected
radius of
support
r � 0 � 2

"Seashell",
Fig. 3.2
(b), num-
ber of
points
N � 915,
selected
radius of
support
r � 0 � 2

"Venus",
Fig. 3.2
(c), num-
ber of
points
N �

6719,
selected
radius of
support
r � 0 � 13

"Lion–
dog",
Fig. 3.3
(b), num-
ber of
points
N �

19125,
selected
radius of
support
r � 0 � 3

"Lion–
dog",
Fig. 3.3
(d),
"both-
sides"
con-
straints
N �

39210,
selected
radius of
support
r � 0 � 015

Tree
creation
time

0 � 001
sec.

0 � 001
sec.

0 � 01 sec. 0 � 01 sec. 0 � 04 sec.

Sorting
time

0 � 03 sec. 0 � 03 sec. 0 � 26 sec. 6 � 71 sec. 0 � 401
sec.

Matrix
calcu-
lation
time

0 � 05 sec. 0 � 02 sec. 0 � 58 sec. 11� 23
sec.

1 � 322
sec.

Memory
require-
ment
to store
the band
diagonal
sub-
matrix
of the
matrixA

1 � 675� 800
bytes (1
MiB) (if
stored
tradition-
ally it
would be
8 MiB)

669� 068
bytes (0
MiB) (if
stored
tradition-
ally it
would be
3 MiB)

21� 171� 936
bytes(20
MiB) (if
stored
tradition-
ally it
would
be 172
MiB)

167821312
bytes
(160
MiB)

31752656
bytes(30
MiB)

Solution
time with
Cholesky
decom-
position

0 � 911
sec.

0 � 1 sec. 39� 01
sec.

34� 5 min. 12� 017
sec.

Polygonal
surface
extrac-
tion
time

0 � 49 sec. 0 � 41 sec. 2 � 73 sec. 7 � 3 min. 1 � 03 sec.

Table3.2: Several examplesof CSRBFsurfacereconstructions:processingtime
andmemorybenchmarks.



Chapter 4

3D deformations by CSRBF

4.1 Intr oduction to the shapedeformation problem

Many recentworks have focusedon usingshapetransformationasa basicoper-
ation in computergraphics. Here, the problemof transformationof a given ge-
ometricshapeinto anotherin a continuousmanneris considered.In fact, if the
methodof �tting a surfaceinto a setof controlpointsasa designtool is needed,it
is importantto assurethatour �tting methoddoeswhatour intuition wouldexpect.
On theotherhand,we wantto performsuchdeformationsin real–time.Important
examplesof surfacedeformationshavebeeninvestigatedduringthepastfew years.
Variousstrategieswereproposedto minimizeuserinteraction;however, theprob-
lem of �tting a surfaceto a setof controlpointsin real-timestill remainsa largely
unsolvedissueof greatpracticalimportance.

Themaingoalis to obtainanalgorithmperformingfast,plausibleandsmooth
deformations.For this purposethealgorithmsareoptimizedto reducetheir com-
putationtime. For example,thesealgorithmscanbeapplied,in computergames.
This optimizationnot only allows to performcomplex deformationsin real-time,
but alsosavesmemoryrequiredfor animation.For example,in themostpopular
3D gameengines(Quake, Unreal,Half-Life) for skeletonanimationof modelsall
coordinatesof all pointsof anobjectarestoredfor every frameof animation,what
leadsto hugeamountof datastoredfor eachmodel.Whenthedescribedtechnique
is used,only asmallamountof additionalinformationis needed.

In this chaptera CSRBF–basedmechanismfor calculatinginterpolatedpoints
of adeformedsurfaceof theanimationobjectis proposed.

25
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4.2 Overview of the deformation techniques

Most existing shapetransformationtechniquesfall into oneof thethreefollowing
categories:

� mappingthespaceontoitself;

� metamorphosis;

� modi�cation of de�ning functions.

It is out of scopeof this work to make a detailedreview of all transformation
techniques,only the mostpopularonesaremensioned.An interestedreadercan
�nd morereferencesin thepaper[40].

A mappingcanbecontrolledby numericalparametersof prede�nedfunctions,
by set of control points and by differential equations.Free-Form Deformations
(FFD)arewell-known examplesof spacemappings,thatwerepioneeredby Seder-
berg andParry [41] andextendedin [42], [43], [44]. User–de�ned point lattices
controlFFD.BorrelandBechmann[45] proposedgeneraldeformationtechniques
for spacemappings.Thesetechniquesprovide forwardandinversemappingsthat
suitebetterto implicit surfaces.

Most of deformationmethodsaretoo global to provide seriesof smallbumps
de�ned by arbitrarypoints. Although the methodof Borrel andRappoport[46]
hasbeendesignedfor localizedspacemappings,it canleadto non-intuitive results
whenboundingspheresof severalcontrolpointsintersect.

Thesurvey [47] discussescommonmathematicalfoundationsof thespacede-
formation techniques.Vast literatureis devoted to the subjectof scattereddata
interpolation,which can be usedfor a spacemapping,and if applied to some
point set in the space,it changesthis set into a different one. One of the ap-
proachesis to usemethodsof scattereddatainterpolation,basedon theminimum-
energy properties[14], [15], [16]. Thesemethodsarewidely discussedin literature
(see[17], [18]). The�rst publicationon useof discrete2D landmarkpointsis that
of Bookstein[23], [48]. In paper[49] Booksteindiscusseda methodwheredesti-
nationpointsareselectedto form thecon�gurationof minimumbendingenergy.

Theability to transformtheshapeof asurfaceis usefulin animation,especially
for facesimulation.Theproblemsin thisresearchareastill remainamongthemost
dif�cult. Researcheshavedevotedsigni�cant effortsto thisproblem[50], [51]. For
morereferences,see[52]. In recentyears,modelingvirtual actorshasattracted
greatinterestanda lot of attentionhasbeenpaid to the synthesisof the faceex-
pressionof thespeaker. Two approacheshave beendominant:the�rst oneworks
with 3D modelsto control the facemovements,andthe secondoneuses2D im-
ages.Thosewho areinterestedcanvisit thewebsite [53] to look over examples



CHAPTER4. 3D DEFORMATIONSBY CSRBF 27

Figure4.1: An exampleof facialanimation.

of the generatedactors. CSRBFsdeformationapproachcanalsobe appliedfor
real–timefacial animation,seefor exampleFigure4.1 (benchmarkdetailsarein
Table4.1at theendof thischapter).

Shapetransformationis also a useful tool for forensic identi�cation. The
book [54] presentsa goodoverview of existing methodsfor shapereconstruction
andmodi�cation. Theattemptsto simulatevisco–elasticallydeformablematerials
have beenconcentratedon meshdescriptionsof cloth andothersoft objectssuch
asthemusclesandskin [55], [56], [57], [58], [59], [60], [61], andmostlyusedthe
physics-basedsimulation. In additionto the shapemodi�cation, thereis a chal-
lengingproblemof modelingthree-dimensionalfaces.Interestedreaderscanread
thepaper[62]. 3D geometricmodelingsystemsbasedonshapedeformationshave
beenproposedby many researcherswhousethesimpleideathattangiblegeometry
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of deformationscanbede�ned by theuser-de�ned startinganddestinationpoints.
Probablythis approachwas�rstly implementedfor 2D morphingin thepapersof
Wolberg [63], BeierandNeely[64].

It is clear that the problemof producingfast, plausible(especiallyfor such
complex casesasfacialsimulations)andsmoothdeformationsis animportantand
largely unsolvedproblem.

4.3 Shapedeformations by usingCSRBF

One of the approachesto the animationproblemis to warp the spacewherean
objectis embedded.Theobjectcancontaina skeleton,which simulatesits char-
acteristicbehavior (see[65], [66]), andanoutersurfacelayer. In this caseoverall
shapetransformationcanberepresentedasthesumof globalskeleton-baseddis-
placementsandlocal displacementsarede�ned usingscattereddatainterpolation
technique.A uni�ed approachcanalsobeapplied,see[7].

To describea local deformationof the outersurfacelayer, a mappingof the
spacecanbeconstructedthat is determinedby themappingof a smallnumberof
control points— pointswhoseimagesareprede�ned(seeFigure4.2). Thespace
mappingis consideredto beanelasticdeformation,following variouspapers,see
for instance[49].

Interpolationsof scattereddatausingCSRBFsdemonstrategoodblendingfea-
turesandan exampleshows that they producewhat our intuition would expect.
Figure4.2illustratesthefactthattheresultingmappingdependsonasetof control
vectorsandtheradiusof supportthatde�nesthelocality of thedeformation.

To constructan �

3 �

�

3 mappingtheCSRBFsmultivariateinterpolationcan
beused.Supposeasetof pairwisedistinctcontrolpointsX ��� �x1 � � � � � �xN ���

�

3 is
given.Supposefurther, thevaluesg1 � � � � � gN at thecontrolpointsareknown, anda
continuousfunctionthatinterpolatesthesevaluesat thecontrolpointsis searched.
ThentheRBF interpolanthastheform

sg� X � �x � �

N

å
i

�

1
a i f ����� x 
�� xi � � � p � �x �

where ��� � denotestheusualEuclideannormin �

3, andp is a low degreepolyno-
mial. Thecoef�cients a j andthepolynomialp aredeterminedby theinterpolation
conditions

sg� X � �x j � � gi � 1 	 i 	 N �



CHAPTER4. 3D DEFORMATIONSBY CSRBF 29

Figure4.2: An exampleof atransformationof abrick. Vectorsshow "mapping"di-
rectionsandvalues;Differentpossiblecon�gurationsof theinitial form depending
on theradiusof support.

andtheadditionalrequirements

N

å
i

�

1
a iq � �x j ��� 0

for all polynomialsq of degreedeg � q� 	 deg � p� . This methodof interpolation
exactly reproducespolynomialsof degreem 	 deg � p� , whenever interpolationis
unique.

Theinterpolationis uniquebecausef is apositivede�nite functionin thiscase.
Given two datasetsin �

3, �si � � xi
s � yi

s � zi
s �

� 1 	 i 	 N for a non-deformedob-
ject, and �di � � xi

d � yi
d � zi

d �

� 1 	 i 	 N for the deformedobject, a spacemapping
T : �

3 �

�

3 which is a CSRBFinterpolationin eachof its componentscanbe
performed.Weusea linearpolynomialp � �x ��� b0 � b1x � b2y � b3z. Thisguaran-
teesthatT will beanaf�ne transformationwhenever the interpolationdataadmit
suchtransformation.Theconditionspresenta systemof liner algebraicequations
(SLAE) on thecoef�cients a i � b0 � b1 � b2 � b3.

Sincefunctionf is compactlysupported,theresultingSLAE hasa sparsema-
trix. An algorithmwasdeveloped(discussedin thepreviouschapter),whichallows
to sortinitial datapointsin aspecialway, sothattheresultingmatrixT, whichhas
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thesize � N � 4� � � N � 4� , is notonly sparse,but alsohasaband-diagonalsubma-
trix A � � ai j �

, ai j � f ����� xi 
 �x j � � , 1 	 i � j 	 N of sizeN � N. After constructing
thisband-diagonalsubmatrixit is possibleto storeit in memoryin averycompact
way andalsoto solve the SLAE by usinga fastandsimpledirect solver. These
speedsup computationssigni�cantly andmakesit possibleto usethisapproachin
real–timeanimation.

4.4 Polygonal vs. implicit function representation

In mostvideo gamespolygonalrepresentationis usedto representthe animated
objects. However thereis one problemwith applying the deformationsto such
a representation- large deformationscanpossibleleadto polygonsintersections.
To avoid this problemimplicit functionrepresentation(thatcanbeobtainedusing
CSRBFaswasdescribedin Chapter3) canbeused.Nevertheless.suchapproach
is extremelytime–consuming.

4.5 Algorithm for computing shapetransformations

Computingthe transformationsis themostcritical part in thesenseof time opti-
mizationsfor real-timeapplications.The algorithmshown in Figure4.3 demon-
stratesthecalculationof full transformationby CSRBFs.For every point, which
is insidetheradiusof support,thedistanceis calculatedonceandafter thatspace
transformationsarecalculatedaccordingto a phaseparameter(valuevariesfrom
0 to 1) thatde�nes thetotal deformation.Thedeformationprocessis regardedas
taking placestepby stepso that the transitionfrom a known stateto a new one
takesplacewith small increments.That is, intermediatetransformationsfor every
stepof animationaregeneratedaccordingto thephaseparameter.

4.6 Software framework

Theanimationalgorithmwasdevelopedwithin asystemconsistingof a collection
of C++ librariesthatprovide supportfor 3D modelingandinteractionusingopen
sourcelibrary "The VisualizationToolkit" (VTK) [36]. The animationalgorithm
operateson theregion of animationobjectselectedby theuser. Nevertheless,the
opportunityto extendor localizetheactive (deformable)areaallowsusto decrease
quite tediousprocessof selectingstartinganddestinationpoints. DevelopedC++
classfor shapetransformationcanbeusedin thepipelineexecutionmethod(lazy
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mode)of VTK, thatactuallymeansthatit canbecombinedwith othershapetrans-
formationclasses,including the other instancesof the sameclass(for example,
several CSRBFsshapetransformationscanbe appliedwith different radii to the
sameobject to calculatethe objectdeformationaccordingto its local coordinate
system).The completesceneis representedasa collectionof animationobjects.
In addition,movementsof theobjectareprovided:

� translationof thelocal coordinatesystemof anobjectalongsometrajectory
(movement);

� changeof orientationof thelocal coordinatesystemof theobject(rotation);
It is assumedthatwhile applyingtransformationthecenterof gravity of the
objectis notmoving.

Theanimationobjectcanbeconstructedfrom severalpartswhereonecanapply:

� differentindependenttransformationsfor variouspartsof anobject,and

� differentcolorsandtexturesfor variouspartsof anobject.

Thecreatedsoftwaresystemconsistsof two applications:

� "Picker" providescreationandtranslationof transformations.This program
enablestheuserto input interactively controlpointsandvectorsfor CSRBF
splinecalculation.Thescreenshotof the"Picker" level interfaceis shown in
Figure4.4.

� "Animationcomposer". Thisinterfaceenablestheuserwith possibilityto de-
�ne trajectoryinteractively andto provideorientationandtiming marks(i.e.,
thescheduleof themovementof anobjectalongits trajectory).Kochanek–
Bartelsinterpolatingspline [67] is usedfor animatingthe movementand
quaternioncalculus[68] is usedfor animatingtherotation. Thescreenshot
of this interfaceis shown in Figure4.5.

The "Animation composer"programalsosupportsan "Animation" mode. In
this modetheprogramdisplaysanimatedobjectsin accordancewith their de�ned
trajectories,rotationsandtransformations.This programalsoenablesuserto save
animationresultsasa movie in personalcomputermovie �le formats(full frames
avi). Developedinterfacelevel softwarewasdesignedandtestedfor useon a PC
underWindows (9x, ME, NT, 2000,XP). Commandline interfaceversionof the
"Animation" programwasalsodevelopedandtestedon bothWindows andLinux
platforms.
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4.7 Experimentsand benchmarks

A polygonalmodelof the �sh wasused,de�ned by 975 verticesand1119poly-
gons,to testanimationsoftwaresystem.92controlvectorswereusedto de�ne the
deformationof the mouth,tail and�n. Resultsof applyingshapetransformation
for �sh animationareshown in Figure4.6.Twoframesshown areselectedfrom the
generatedanimatedimages.The averagespeedof visualizationandcomputation
of transformationswasabout632frames/sec.

Another exampleof real-timetransformationsis shown in Figure 4.7. The
sphereis bouncinginsideapolygonalbox. Theboxis deformedaccordingto trans-
formationvectorsde�nedfor eachcollisiondirectionusingC2-continousy 3 � 1 � r ���

� 1 
 r �

4
�

� 4r � 1� (see[29]) function. Suchreal-timedeformationscanbeusedto
modelelasticenvironment(i.e. walls, ceiling) in computergames.In spiteof the
factthatin thisexampleit is neededto performfull computationsfor every frame,
thereal-timerenderingspeed(72 frames/sec.)wasachieved.

Benchmarkdetailsfor this examplesarebellow in Table4.1. Thescreenreso-
lution was1024� 768,32bpp.

The model size, the numberof
vectorsde�ning thedeformation
andtheradiusof supportr

Rendering
speed in
framesper
second
(fps.)

Figure4.1: Theanimationmodel
is de�ned by 6158 verticesand
7024polygons;the deformation
is de�ned by 32 control vectors;
theradiusof supportr � 0 � 2.

107fps.

Figure4.6: Theanimationmodel
is de�ned by 975 vertices and
1119polygons;the deformation
is de�ned by 92 control vectors;
theradiusof supportr � 0 � 3.

632fps.

Figure 4.7: The box is de�ned
by 386 vertices and 768 poly-
gons,thenumberof controlvec-
torsandtheradiusof supportare
variable.

72 fps.

Table4.1: Animationbenchmarks.
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4.8 Summary

In this chapteran approachfor surfacemodi�cation basedon CSRBFswaspre-
sented.Experimentalresultsdemonstratethat describedapproachallows to gen-
erateplausibledeformations,thatis, they exhibit goodblendingfeatures,andthey
producewhatour intuition wouldexpect.ThealgorithmwasdevelopedusingC++
classesandis fully portableto themostof themoderncomputersystems.CSRBFs
producegoodresultsin visual appearance,processingtime andmemoryrequire-
ments.

As benchmarks(seeTable4.1)show, theaveragenumberof animatedframes
canbeupveryhighonmodernpersonalcomputers.Thismeansthatthealgorithm
for calculatingthetransformationis performedfastenoughto beusedin suchreal
time applicationsas computergames. Also, this direction looks very attractive
for variousapplications,especiallyoneswhich dealswith thefaceanimation(see
Figure4.1).

Selectingthesetof control vectorsto de�ne the transformationis quitea dif-
�cult andtime-consumingtask. The opportunityto extendor localizethe active
(deformable)areaby assigningvariousradii of supportallows us to lighten the
work of enduser.
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input_points_li st — initial modelpoints
output_points_l is t — pointsafterdeformation
spline_coeffici ente s_l is t — coef�cients of spline
neighbors_ids_l is t — temporarylist of integers

// for eachpoint computedisplacement
for i:=0 to input_points_l is t. len gt h- 1 do
begin

// initial displacement
dx := 0;
dy := 0;
dz := 0;
// �nd all neighboursof currentpoint
// andput their indicesinto neighbors_ids_l ist
// thiscanbedonewith helpof octree
neighbors_ids_l ist =

FindNeighbors(in put_ point s_ li st [i ]);
for j:=0 to neighbors_ids_ lis t. le ngth -1 do
begin

// calculatef ����� x 
�� xi � �

phi := Phi(input_point s_ lis t[ neig hbors _i ds _l is t[j ]] ,
input_points_l is t[ i] );

// correctdisplacementin accordancewith
// in�uence of currentneighbor;
// splinecoef�cients couldbecalculatedearlier
dx := dx + SplineCoefficien t[ j] .x *p hi;
dy := dy + SplineCoefficien t[ j] .y *p hi;
dz := dz + SplineCoefficien t[ j] .z *p hi;

end
output_points_l ist [i ]. x := input_points_li st [i ]. x + dx;
output_points_l ist [i ]. y := input_points_li st [i ]. y + dy;
output_points_l ist [i ]. z := input_points_li st [i ]. z + dz;

end

Figure4.3: Algorithm for computingshapetransformation.
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Figure4.4: The"Picker" interface.

Figure4.5: The"AnimationComposer"interface.
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Figure4.6: Animation: �sh animation.



CHAPTER4. 3D DEFORMATIONSBY CSRBF 37

Figure4.7: Animation:elasticdeformations



Chapter 5

Surfaceretouching

5.1 Intr oduction to the surfaceretouchingproblem

Point setsobtainedfrom computervision techniquesareoften non–uniformand
even containlarge missingareasof points. In somewell–known algorithms(e.g,
Hoppeet al.[69] andCarret al.[70]), theauthorsmake theassumptionthatpoints
aresituatedsuf�ciently evenly. In others(seefor examplethe work of Barequet
andSharir[71]), it is assumedthatholeshave entirelyspeci�c shapes.

Anothersourceof polygonaldatawith missingor damagedareasis partly de-
stroyedancientartifacts.In suchapplications,anincompletesurfaceis thesurface
exactly as measured,and the main problemis to obtainprospective reconstruc-
tionsthatlook reasonable.For example,archeologistsoftenstudybrokenvessels,
and3D modelsof theseartifactsarecreatedby usinglaserdigitizersto scaneach
piece.Completereconstructionof brokenobjectsis adif�cult task.In thischapter,
anapproachto surfaceretouchingof polygonallyrepresentedshapesthatcontain
missingareasor holesis described.Proposedsolutionbeginsby extractingahole's
contourlines;aroughstitchingof contourpointsfor their furthermodi�cation with
thehelpof spacetransformationsis used.

Many recentstudieshave focusedonexploringshapetransformationasabasic
operationin CG and CAGD. The operationinvolves transforminga given geo-
metricshapeinto anotherin a continuousmanner. Importantexamplesof surface
�tting anddeformationhavebeenintensively investigatedin thepastfew years,and
variousstrategieshave beenproposedto minimize the userinteraction;however,
the problemof �tting a surfaceto control pointsstill remainsa largely unsolved
problemof greatpracticalimportance. In fact, if the ideaof �tting a surfaceto
controlpointsasa designtool is used,it is importantthatour �tting methoddoes
whatour intuition wouldexpect.In thischapter, it will beshown thatCSRBFs[28]

38
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offer a mechanismfor obtainingextrapolatedpointsof a damagedsurface,andin
factexhibit goodrestorationresultsin surface–retouching examples.A shapetrans-
formationis consideredasa generaltypeof operationfor restoringmissingdata,
and looks the well–known problemof "ful�llment" of damagedor missingsur-
faceareasfrom asinglepointof view, namely, thatof aspace–mappingtechnique.
Oneof the mostattractive featuresof RBFsis the simplicity of implementation,
andresearchersusuallystatethat RBF methodsguaranteeautomaticmeshrepair
andinterpolationof large irregularholes.However, thework requiredto createa
correctreconstructionof anobjectis proportionalto thetotal numberof scattered
datapoints. The amountof computationis thussigni�cant, even for a moderate
numberof nodes.Moreover, reliableresultsin reconstructioncannotbeachieved
without a suf�ciently uniform distribution of scattereddata. To attain real–time
processingof a hugeamountof input data,we replacethereconstructionprocess
by thespace–mappingtechnique.This allows disconnectedsurfaceareasto bere-
constructedby usinga suf�ciently smallradiusof support,aswewill demonstrate
in anapplication:surfacerecoveringof missing3D data.

Oneaim of our approachis to apply a space–mappingtechniqueso that au-
tomatically de�ned portionsof the input dataare retouched. Actually, it is an
extrapolationproblemin which informationfrom outsidea maskedareais propa-
gating. It is known thata 2D space–mappingtechniquecanbeappliedto surface
modi�cation, with selecteddatasetsrepresentedin theform z � f � x � y� , wherethe
z coordinatescanbe usedascontrol points. In practice,this techniquerequires
thata masked surfacerepresentedby polyhedronsbe a closed,orientedmanifold
embeddedin 3D spaceandhave thepropertythat,aroundevery oneof its points,
thereexistsaneighborhoodthatis homeomorphicto aplane.Thatis, it is possible
deformthesurfacelocally into theplanewithout tearingit or identifying separate
pointswith eachother.

A fastpracticalalgorithmfor surfaceretouchingis proposedhere,which can
draw furtherattentionfrom theCG, CAGD, andarcheologicalcommunities.It is
importantto noticethattheresultsof surfaceretouching(seeFigure5.7)dependon
thepre–de�nedpointsandthatthesurfaceis acontinuationof anareasurrounding
the missingarea. Nevertheless,stitchingnodesof damagedareasof 3D polygo-
nal modelsby using trianglesproducesmorevisible artifacts,ascanbe seenin
Figure5.5.

5.2 Overview of surfaceretouchingtechniques

Problemsof reconstructingmissingportionsof geometricobjectsthat appearin
CAGD have beeninvestigatedin thepastfew years.Threeapproacheshave been
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dominantin the CAGD area: the �rst works with 3D polygonalmodelsto stitch
damagedor incorrectlycalculatednodesof 3D geometricobjects[71], thesecond
is an approachdealingwith �tting of the datageneratedaccordingto somegeo-
metricalfeaturessuchascurvature(for morereferences,see[72]), andthethird is
actuallybasedon a well–foundedmathematicallyset–level approach.Partial dif-
ferentialequationsarewidely usedto modelasurfacesubjectto certainconstraints
(see[73] and[74]). Whitaker andBreen[75] give an exhaustive overview of this
topic; their paperpresentsan improved numericalalgorithmthat solvesparticu-
lar problemsin geometricmodeling. A differentway of reconstructingmissing
portionsof geometricobjectsis to usea "cloning" approach,seefor instancethe
work of Savchenko andShmitt[26], which presentedanapplicationof a 3D space
mappingtechniqueandnumericaloptimizationwith a speciallydesignedgenetic
algorithmto a problemconcerningCAGD in dentistry. But this approachhastwo
maindrawbacks.In the�rst place,astandardor "cloning" surfaceshouldbegiven.
Second,humanknowledgeandexperienceis necessaryto assigninitial correspon-
dencepointsto compensatefor thegapbetweentheregion of restorationandthe
existing partof theobject.

In[76], theauthorspresenteda new techniquefor applyinga diffusionprocess
to extenda signeddistancefunction throughthe volumefor surfacescontaining
geometricallyandtopologicallycomplex holes,whicharisein practicewhenrange
measurementsystemsprovide point setsthat may be incomplete.The methodis
simple and effective; nevertheless,one of the main problems,accordingto the
authors,is thesensitivity of thefunctionsto thedistanceatwhichthey clampthese
functions.

5.3 CSRBF–basedsurfaceretouchingalgorithm

5.3.1 Stitching of missingareasin a surface

The goal of surfaceretouchingis to determinean approximatesurfaceSr using
boundsof holes.Many holesaresimple,but somehavecomplicatedtopology, such
astheholenearthebranchingpoint in Figure5.5.Naivetriangulationof holeswith
non–disctopologyoftenyieldsself–intersections;otherholeshave multiple self–
intersectingpoints that have to be distinguished.Let us startby giving an exact
de�nition of theproblem.

Problem de�nition

Basicterminology
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Let V be a setof N different verticesin 3D spaceV � � v1 � v2 � � � � � vN : vi �

� xi � yi � zi �

�

�

3 � i �

� j � 1 � i � j � N : vi �

� v j �

. Let F � � f1 � f2 � � � � � fM : fi �

� vi1 � vi2 � vi3 � � vi1 � vi2 � vi3
� V � vi1 �

� vi2 � vi2 �

� vi3 � vi3 �

� vi1 �

be a set of M oriented
triangleswith verticesfromV.

(D1) Trianglesbelongingto F arecalledfaces.

(D2) The sidesof facesarecallededgesandwritten as: ei1 � vi1vi2, ei2 � vi2vi3

andei3 � vi3vi1. For somesetof facesF, thesetof all edgesbelongingto F
is denotedasE � F � .

(D3) Vector



�

dik �


 
 
 
 
 
 
 
 


�

vikvi � k mod3
�

1 �

�


 
 
 
 
 
 
 
 
 


�

� vikvi � k mod3
�

1 �

� is calledthedirectionof theedge
eik.

(D4) An edgebelongingto only onefaceis calledaboundaryedge.Thesetof all
boundaryedgesof somesetof facesF is denotedasBdE � F � .

(D5) A vertex on aboundaryedgeis calledaboundaryvertex.

(D6) Thevector 


�

ni �




�

di1 �




�

di2 is anormalto theface fi .

(D7) If two facesintersectat a point that is a vertex of both the �rst andsecond
faces,then suchfacesare called adjacentaccordingto a commonvertex:
fi � f j

� F � fi �

f j � v � V where � k � l � 0 � k � l � 3 : v � vik � v j l .

(D8) If an intersectionof two facesis a segment(i.e. an edgeof both the �rst
andsecondface),thensuchfacesarecalledadjacentaccordingto acommon
edge: fi � f j

� F � fi �

f j � e � E � F � where � k � l � 0 � k � l � 3 : e � eik � ej l .

(D9) Let e � eik � ej l bea commonedgeof two neighboringfacesf i and f j ;



�

dik

and



�

d j l are their directions. Then, if



�

dik � 





�

d j l , than faces fi and f j are

calledconsistent.On theotherhand,if



�

dik �




�

d j l , facesfi and f j arecalled
inconsistent.

Conditions
In addition,let thefollowing conditionsbesatis�edfor setsV andF:

(C1) Conditionof utilization of all vertices. Eachpoint belongingto a setV is
a vertex of at leastoneface: � v � V � i � k0 � i � N � 1 � k � 3 : v � vik

� fi
wherefi

� F.

(C2) Conditionof correctnessof intersections.Two differentfacesf i � f j
� F can

either
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1. nothave anintersection,i.e. fi �

f j ��� , or

2. beadjacentaccordingto acommonvertex, or

3. beadjacentaccordingto acommonedge.

(C3) Conditionof surfacecorrectness.Let Gv � � fi : v � fi
� F � 1 � i � K

�

bea
setof K edgescontainingv, anarbitrarychosenvertex. Thena sequenceof
faces� Fv �

� � f1 � f2 � � � � � fK � � fi
� Gv canbecomposedsuchthatoneof the

following conditionsis satis�ed

1. � i � 1 � i � K � ei : fi �

f
� i

�

1� modK � ei � v � ei � ei
� E � F � ;

2. � i � 1 � i � K : fi �

fi �

1 � ei � v � ei
� E � F � and f1 �

fK � v;

3. � K1
� i � 1 � i � K1 �

� j � K1 � j � K : fi �

fi �

1 � ei � f j �

f j
�

1 � ej � v �

ei � ej
� E � F � � fi �

f j � v� f1 �

fK1 � v and fK1 �

fK � v.

(C4) Conditionof faceconsistency. Neighboring(alongan edge)facesarecon-
sistent.

(C5) Conditionof connectivity of facesets:

� i � j � 1 � i � M � 1 � j � M

� L � M � � a1 � a2 � � � � � aL � : � a1 � i � aL � j �

� k � 1 � k � L 
 1 : fak �

fak � 1 �

��� � �

In practice,conditionC3 is oftensatis�ed. Nevertheless,situationsmayexist
whenfor a certainnumberof verticesthis conditionis not satis�ed. Suchvertices
canbediscoveredin the�rst stepof ouralgorithm,andafterthatconditionC3 can
bemetby addingoneor morefaces.

If thissetF containsboundaryedgesthenthesetof facesF andacorrespond-
ing setof verticesV representapolygonalmodelof anincomplete3D surface,that
is, amodelfor whichall verticesaregivenbut certainfacesarenotgiven.

Problemstatement
Theproblemof stitchingpointsof missingsurfaceareascanbeformulatedas

follows: it is necessaryto �nd (existenceis assumed)a setof triangularfacesF �

suchthat

1. verticesof F � belongtoV: F � � � f1 � f2 � � � � � fL : fi � � vi1 � vi2 � vi3 � � vi1 � vi2 � vi3
�

V � vi1 �

� vi2 � vi2 �

� vi3 � vi3 �

� vi1 �

,

2. unionF ��� F meetsconditionsC1, C2, C3, C4 andC5,

3. unionF ��� F doesnotcontainboundaryedges(conditionC6).
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(C6) � e � E � F � � F � � fa � fb
� F � � F : e � fa � e � fb, whereE � F � � F � is a setof

edgesF ��� F.

Sincea setof verticesV is bounded,theexistenceof a solutionanda solution
itself canbefoundby exhaustive searchingof all possiblealternatefacesversions
basedonboundaryverticesof thesetF. Hereanalgorithmis presentedthatallows
thestatedproblemto besolvedundertwo additionalconditionsC7 andC9. Before
theformulationof theseconditions,let us investigatethefeaturesof thesetF � . It
is easyto show that

1. thesetof boundaryedgesF � coincideswith thesetof boundaryedgesF,

2. thesetof verticesbelongingto F � coincideswith thesetof boundaryvertices
of F,

3. theedgeof F is theunionof closedpolygonallinescomposedfrom boundary
edges.

Therefore,theborderof F canberepresentedasBdF � � iLi, whereLi areclosed
polygonallines; moreover, any two polygonallines L i andL j eitherdo not have
an intersectionor therearea �nite numberof intersections.An additionalcon-
dition imposedon the setF � is connectedwith the correctnessof laserscanning.
It is supposedthatan incompletepolygonalmodelre�ects thebasicfeaturesof a
scannedobject. Thus,any connectedunion of closedboundarypolygonallines
thathave intersectionsof verticescanberepresentedby onepolygonalline with a
�nite numberof self–intersections. In practice,thefollowing conditionis entirely
justi�ed:

(C7) Edgesof any faceof F � mustbelongto only oneboundarypolygonalline:
� fk � � vk1 � vk2 � vk3 �

� F � i : vk1 � vk2 � vk3
� Li. Furtherit is supposedthat no

two boundarypolygonal lines have an intersection. One more additional
conditionis thata closedboundarypolygonalline cannotcontainknots. It
canbeshown thatif at leastoneboundarypolygonalline of F containsknots
thenthereis no solution. Nevertheless,sincein practicesucha situationis
impossible,it is supposedthat:

(C8) Boundarypolygonallinesof F do not containknots. In fact,conditionC8
allows usto avoid having to investigatesituationsknown to beunrealistic.

Thefollowing additionalconditionimposedon F is usuallyful�lled anddoes
notcreateseriousobstacles.Like conditionC7, thisadditionalconditionis related
to thefactthatthemainfeaturesof ascannedobjectarepreserved,andtherefore:
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(C9) Faceswhoseverticeslie on differentboundarypolygonallinesarenot inter-
sected:

� Li � L j �

� fa � � va1 � va2 � va3 � � va1 � va2 � va3
� Li �

� fb � � vb1 � vb2 � vb3 � �

vb1 � vb2 � vb3
� L j : fi �

f j ��� �

Taking into accounttheabove-mentionedfactsconcerningthesetsF andF � ,
theproblemof contourextractionandsurfacestitchingcanbereformulated.It is
necessaryto �nd (existenceis assumed)a setof triangular facesF � such that

1. verticesof facesbelongingto F � areboundaryverticesof F;

2. thesetof boundaryedgesof F � coincideswith thesetof boundaryedgesof
F � ;

3. thesetF
�

F � meetsconditionsC2, C3;

4. adjacentedgesof F � andF arecompatible;

5. thesetF � meetsconditionsC4, C7.

Thetaskof �nding of F � canbedecomposedinto subtaskswhereit is needed
�nd subsetsF � i containingverticesfrom oneof theboundarypolygonallinesL i.
For anindependentsearchfor asolutionto bepossiblepreviously formulatedcon-
dition D9 shouldbesatis�ed.

Let B � L � bea subsetof facesof thesetF intersectingwith theconvex hull L.
ThenF � ��� iF � i is thesolution,if for all F � i thefollowing conditionsareful�lled:

1. thesetof boundaryedgesof F � coincideswith Li;

2. thesetF � i �

B � Li � meetsconditionsC2, C3;

3. adjacentedgesof F � i andB � Li � arecompatible;

4. thesetF � i meetsconditionC4.

If conditionC9 is alsosatis�ed, thenthe following schemeof searchfor the
solutioncanbeapplied:

1. Findall boundarypolygonallines.

2. For everyboundarypolygonalline �nd acorrespondingsetF � i .
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Finding of all boundary polygonal lines

The searchfor all polygonallines canbe performedaccordingto the following
steps:

� Step1. Find all boundaryedges.

� Step2. Composecertainclosedorientedboundarypolygonallinesin sucha
way thatevery boundaryedgebelongsto oneandonly onepolygonalline;
obtainedpolygonallinescanintersectata �nite numberof vertices.

� Step3. Combinepolygonallinesaccordingto thecertainrulesfor obtaining
nonintersectingboundarypolygonallines.

Step1 is trivial; let us merelypoint out that the goal is to �nd all facesand
boundaryedgesthatwill containa certainvertex andto �ll out arraysandpointer
lists.

Step2. Let e bea boundaryedgeof F, wherethesecondvertex is denotedv.
Let Gv � � fi : v � fi

� F � 1 � i � K
�

beasetof K facescontainingthevertex v. The
setGv meetsconditionC3.2or C3.3. Thene � fK

�

� Fv �

(eithere � fK1
�

� Fv �

or
e � fK

�

� Fv �

).

(D10) A boundaryedgeis callednext � e� � e1
� f1

�

� Fv �

(eithere � f1
�

� Fv �

or
e � fK1

�

1
�

� Fv �

) a followingedge e if the�rst vertex e1 is equalto v.

Thus,for eachboundaryedgeit is possibleto de�ne oneandonly onefollow-
ing edgethathasacommonboundaryvertex with theoriginalone.If anarbitrarily
initial edgeis selectedit is possibleto composea boundarypolygonalline by se-
quentialselectionof following edges.Evidently, wecomebackto theinitial edge,
becauseevery edgeis selectedonly once,eachedgehasa following edge,and
the numberof edgesis �nite. For the caseC3.2, a following edgeis a boundary
edgesuchthatthe�rst vertex is v. For thecaseC3.3, thefollowing schemecanbe
applied.

Find an edgee1 whose�rst vertex is v, andwhich belongsto the sameface
(for instance,fK1) asthe initial boundaryedgee. The edgee1 belongsto fK1 � 1,
which containsanedgee2 with the�rst vertex v. If theedgee2 is not a boundary
edgethenwe canpassto the face fK1 � 2 that is adjacentto fK1 � 1 accordingto e2

andcontainse3, wherethevertex v is the �rst one. Actually, it de�nes a chainof
sequentialtransitionsfrom a face fK1 (or fK) to f1 (or fK �

1) (seeFigure5.1).
Step3. Boundarypolygonallinesobtainedin thepreviousstepcanhave inter-

sectionsat the verticesthat correspondto the caseC3.3. Sucha vertex canbe a
point of intersectionof differentboundarypolygonallinesandin thesameway it
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Figure5.1: Illustrationof theprocessof �nding boundaryedges.

canbea point of a self–intersectionof thesameline. It is interestingto consider
a point of intersectionof differentboundarypolygonallines. All suchpointscan
beidenti�ed duringtheStep1. They areall verticesthatbelongto four boundary
edges.Whethera vertex is a point of intersectionof differentboundarypolygonal
linesor a point of self–intersectionof thesameline canbedeterminedin Step2.
In this stepour goal is to obtaina setof boundarypolygonallineswithout points
of intersection.

A point of intersectioncan be speci�ed by the indexes of intersectinglines
andcoincidingvertices� Li � L j � pi � p j �

. Considerthetwo boundarypolygonallines
L1 � � v1 � v2 � � � � � vn 
 andL2 � � w1 � w2 � � � � � wm 
 (seeFigure5.2),with thepoint
of intersection� L1 � L2 � p1 � p2 �

. PolygonallinesL1 andL2 canbe unitedinto one
polygonalline L � � v1 � � � � � vp1 � wp2

�

1 � � � � � wm � w1 � � � � � wp2 � wp1
�

1 � � � � � vn 
 . Mak-
ing this unity converts all intersectionpoints of polygonal lines L1 and L2 into
self–intersectionpointsof the polygonalline L. The total numberof intersection
pointsis thusreducedby 1, at least.This procedurecanbeappliedseveral times,
until all intersectionpointshave beendeleted.
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Figure5.2: Illustrationof intersectionpointsandtheprocessof removing of inter-
sections.

Triangulation of a boundary polygonal line (stitching)

Let aclosedpolygonalline L � � v1 � v2 � � � � � vn 
 begiven;all verticesof L belong
to V andtheline L doesnothave knots.

(D11) A triangulationT of L is a set of n 
 2 triangularfacesthat satisfy the
following conditions:

1. verticesT aretheverticesof L,

2. edgesof T have correctintersections,i.e. any two faceseitherhave no
intersectionsor elseareadjacentaccordingto avertex or anedge,

3. theborderof T coincideswith L.

Evidentlyseveraltriangulationsof thepolygonalline L do exist. If thereis asetof
triangularfacesS, whereverticesbelongtoV, then

(D12) SetSwill becalledwell–de�nedif any twoedgeseitherhavenointersection
or areadjacentaccordingto a vertex or anedge(seeC2) andtheneighbor-
hoodof any vertex of Sis homeomorphicto a discor circlewith oneor two
cutouts(seeC3).

The problemof �nding of F � i is equivalent to that of �nding sucha triangu-
lation Ti of Li that the setTi � B � Li � is well–de�ned. In the mostcommoncase,
it is necessaryto considerall possibletriangulationsof polygonallinesL i andto
checkthe correctnessof the setTi � B � Li � for eachof them. If therearen ver-
tices v1 � v2 � � � � � vn, then it can be shown that numberof different triangulations
Km for a convex polygon,wherem � n 
 2 is the numberof diagonals,will be
Km � 2m

�

1
� 2m � 1� !! � � m � 2� !, m � 1. From this estimateit is clear that if a
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brute–forceapproachis used,the numberof calculationswill becomeincredibly
high,evenfor amoderatenumberof vertices.

Applicationof dynamicalprogramming[77] makesit possibleto avoid multiple
repetitionsof a considerationof thesamesetsof facesfor differenttriangulations.
Also, in spiteof the fact that featuresof the reconstructedsurfaceareunknown,
it is desirableto get the "smoothest"triangulation,which caneven be useful for
the subsequentstepof surfaceimprovement,aswill be discussedlater. The idea
of dynamicprogrammingis to divide the whole task into subtasksandstorethe
solutionsof thesubtasksin aspecialarray, sothatthecalculationsfor eachsubtask
do not have to beperformedmorethanonce.To usethis techniqueit is neededto
�nd arecurrentcorrelationof taskwith subtasks.Theapproachof usingadynamic
programmingtechniquefor thisproblemis notnew. Thealgoritmproposedin[77],
wheretheauthorsexplorethisproblemandpresentasolutionfor aconvex polygon
area,is estimatedto have On3 complexity. An estimateof ouralgorithmof �nding
a triangulationof a �nite setof 3D concave boundarypolygonallines,presented
below, shows thatthetriangulationof a3D concave polygonalareais hasanupper
boundof O � n5

� n3M � , wheretheinputboundarypolygoncontainsn verticesand
M is thenumberof faces.Nevertheless,for realinputdataouralgorithmis ableto
runin On3 logn timeataverage;thisresultis achivedby usingoctreesandavoiding
someveri�cations.

Herean algorithmfor �nding an "optimal" triangulationof a �nite setof 3D
boundarypoints is presented.Let C � S� be a veri�cation function for all setsof
possiblefaceswith theverticesfromV:

C � S�����

0 � if Sis well–de�ned
�

� if Sis notwell–de�ned
�

In practiceit is easyto de�ne sucha function, andin our caseit is neededonly
verify thecorrectnessof intersections.

Let T1n beoneof thetriangulations,and
�

1kn
� T1n beatrianglecontainingthe

edgev1vn. ThenT1n � T1k �

�

1kn � Tkn, whereT1k andTkn arethetriangulationsof
thepolygonallines � v1 � v2 � � � � � vk 
 and � vk � vk

�

1 � � � � � vn 
 . Thusit is possible
to statethat:

C � T1n � S� � min1 � k � m � C � T1k � S� � C � Tkn � S�

� C �

�

1kn � S� � C � T1k � Tkn �

�

1kn � � �

LetC � T1k � S� � 0 andC � TknS��� 0. Thenit is neededto verify that

C � S �

�

1kn � � C � T1k � Tkn � � C � T1k �

�

1kn �

� C � Tkn �

�

1kn � � 0 �
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Fromthis, thefollowing recurrentcorrelationfollows:

C � Ti � i
�

1�

��� 0 �

C � Ti j � S� � mini � k � j � C � Tik � S� � C � Tkj � S�

� C �

�

ik j � S� � C � Tik � Tkj �

�

ik j � � �

This recurrentcorrelationoffers the possibility of �nding well–de�ned trian-
gulations,but it is moreusefulto �nd thesmoothestone.Thereforea triangulation
wheretheminimizationof thesumof scalarmultiplicationsof normalvectors 


�

ni

of thefacei andnormalvectors


�

ni1 �




�

ni2 and 


�

ni3 of adjacentfacesis achivedis prefer-
able. If å � å � i � �




�

ni1 �




�

ni � � �




�

ni2 �




�

ni � � �




�

ni3 �




�

ni � � , thenthefollowing conditioncan
bewritten:

å � T1n � � å � T1k � � å � Tkn � � �




�

n1k �


 


�

n1kn � � �




�

nkn �


 


�

n1kn �

� �




�

nn �


 


�

n1kn � �

where 
 


�

n1kn is a normalto the triangle
�

1kn, 


�

n1k �




�

nkn arethenormalsto the edges
adjacentto

�

1kn accordingto theedgesv1vk andvkvn, and 


�

nn is thenormalfor the
edgef � S, adjacentto

�

1kn accordingto theedgevnv1. If on triangulationT1n the
minimumof å is achieved,then:

å � T1n ��� min1 � k � n � å � T1k � � å � Tkn � � �




�

n1k �


 


�

n1kn �

� �




�

nkn �


 


�

n1kn � � �




�

nn �


 


�

n1kn � � �

For viv j follows thefollowing recurrentcorrelation:

å � Ti � i
�

1�

��� 0 �

å � Ti j � � mini � k � j � å � Tik � � å � Tkj � � �




�

nik �




�

nik j �

� �




�

nkj �




�

nik j � � �




�

nn �




�

nik j � di1d jn � �

Thus:
å � Ti � i

�

1�

��� 0 � C � Ti � i
�

1�

� � 0 � m� Ti � i
�

1�

� � 0 �

m� Ti j ��� mini � k � j � m� Tik � � m� Tkj � � �




�

nik �




�

nik j �

� �




�

nkj �




�

nik j � � �




�

nn �




�

nik j � di1d jn � C �

�

ik j � S�

� C � Tik � Tkj �

�

ik j � � �

In ouralgorithmtwo arraysareused.In thearraym
�

1 � � n � 1 � � n� , thevaluesof C
arestored,i.e. m

�

i � j � � C � Ti j � S� andm
�

i � i � 1� � 0 if 1 � i � n 
 1. In thesecond
array, Best

�

1 � � n � 1 � � n� , thevaluek for thecorrespondingtriangulationis stored,i.e.
Best

�

i � j ��� k � i � j � . Thealgorithmpresentedin pseudo–codein Figure5.3 to �ll in
thearrayBestis used.Using this array, it is possiblethen�nd facesof a triangu-
lation. A recursive functionis usedto �nd thelist of edgesT de�ning thesefaces
(seealgorithmonFigure5.4).
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for i � 1 to n � 1 do
m

�

i � i � 1��� 0
for l � 2 to n � 1 do

for i � 1 to n � 2 do
j � i � 1
m

�

i � j �����

for k � i � 1 to j � 1 do
q � m

�

i � j �	� m
�

k � n�
���

� 
nik �

��
nik j �

���

� 
nkj �

��
nik j �

���

�
nn �

��
nik j �

di1d jn

� C ��� ik j �

S
�

� C � Tik �

Tkj �

� ik j ���

if i � 1 and j � n then
q � q ���

�
nn �

��
nik j �

if q � m
�

i � j � then
m

�

i � j ��� q � Best
�

i � j ��� k

Figure5.3: Algorithm of borderpolygonalline triangulation.

5.3.2 Surfaceretouching

In thischapteranapproachthatusesdisplacementsof N controlpointsasadiffer-
encebetweenaninitial and�nal geometricform andapplyCSRBFswasused.In-
terpolationof vertex points � x � y� z� is implementedin �

3 andde�nesarelationship
betweencoordinatesof pointsin theoriginalanddeformedobjects.Landmarkssit-
uatedin themaskareaW� (Figure5.7(b),grey area)naturallydonotbelongto the
areasWR to beretouched(Figure5.7(a)).Theinversemappingfunctionthatinter-
polatesthez–heightsandis neededto calculatereconstructed(destination)points
zd
i is givenin theform zs

i �

f � P��� zd
i , wherethecomponentsof thevolumespline

f � P� interpolatingdisplacementsof startingpointszs
i areusedto calculatepoints

thatbelongto theareaWR.
In the previous section,our algorithmfor �nding all non–intersectingborder

polygonallines or the bordersof holesand the point stitchingmethodwerede-
scribed. However, sucha reconstructionmay result in large trianglesin the hole
areas,andthereconstructionin theholeareasdoesnot representthefeaturesof the
originalsurface,ascanbeseenin Figures5.5,5.6.Therefore,asubsequentsurface
retouchingstepis required.

Onceinformationaboutthebordersof theholesis extracted,it is neededto es-
timatelocalsurfaceproperties,whichcanbedoneby estimatingthetangentplane.
Hoppeet al.[69] have demonstratedthat eigenvaluesl 1 � l 2 � l 3 of the covariance
matrix of neighborhoodpointscouldbe usedto producenormalestimation.The
valuesl 1 � l 2 � l 3 describethe surfacevariations andcanserve asan analogof a
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GetFacet(i,j)
Facet[1..3]

Facet[1]=i, Facet[2]=Best[ i,j ],
Facet[3]=j
T.Add(Facet)
if Best[i,j] � i � 2 then

GetFacet(i,Best[ i, j] )
if j � Best[i,j] � 2 then

GetFacet(Best[i, j] ,j )

Figure5.4: Recursive functionfor �nding the list of edgesde�ning thetriangula-
tion.

surfacecurvaturethat is usedin our softwareimplementationto make a decision
aboutthecomplexity of theretouchingarea.Assumingthat l 1 is minimal, l 1 de-
scribesthevariationalongthesurfacenormal,anddirectionscorrespondingto the
eigenvaluesl 2 � l 3 de�ne a tangentplane.

If for theholebordera surfacevariations is suf�ciently small, thena simple
projectionof theholeborderontheplanewill alsogiveanon–intersectingpolygo-
nal line. In this simplecase,it is possibleto easily�nd (by usinganoctaltree)the
landmarkareaWL (see,for example,thegrayareain Figure5.7(b)).Thenrotation
of themaskareapointssothatthetangentplanefor theholesurfaceis perpendic-
ular to thez axis is performed.We thencalculatea CSRBFshapetransformation
from projectedto original pointsandto apply it to the projectionof the vertices
insidetheholeareato obtaintheretouchedsurface.To obtainthepointsinsidethe
holearea,a linearsubdivisionof trianglesobtainedin thestitchingstepis used,see
Figure5.8(secondrow).

However, for someholes,wherea surfacevariationis large, this simplealgo-
rithm cannotbe applied(seefor examplethe hole in the branchingareain Fig-
ure 5.5). In this case,it is requiredthat a masked surfaceshouldbe a closed,
orientedmanifoldembeddedin 3D-spaceandhave thepropertythat,aroundevery
oneof its points,thereexistsa neighborhoodthat is homeomorphicto a disc. To
satisfythisconditionprocessis following:

1. build anoctaltreebasedon all originalpointsof themodel;

2. obtainnew pointsinsidethestitchedholesareaby usinglinearsubdivision;

3. for eachnew point � x � y� z� insidetheholearea

(a) de�ne thenearestplanefor neighborhoodpointsfrom theoctaltreefor
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Figure5.5: Reconstructionof missingdatabasedon optimal triangulationsof a
boundingpolygon.

thepoint � x � y� z� , rotatethesepointssothatthenearestplaneis perpen-
dicular to the z-axis, andproject the original neighborhoodpoints to
theOXY plane;

(b) calculatez-deviationsandde�ne CSRBFmappingfunctions;

(c) applythis transformationto theprojectionof thepoint � x � y� z� ;

(d) producetheinverserotationof thistransformedpointandaddtheresult
to theoctaltreeusedfor searching.

5.4 Experimentsand benchmarks

To illustrate the applicability of the proposedapproachto a surface–retouching
problem,�rst anexampleof surfaceretouchingfor asuf�ciently simpleretouching
areais shown: landmarkssituatedin thelandmarkareaWL, wherearoundeveryone
of thecontourpointsthereexistsaneighborhoodthatis homeomorphicto aplane.
A syntheticallyproducedarea"I-H" (seeFigure5.7(a))is thereconstructionarea
WR. Figure5.7(c)shows theresultof surfaceretouching.

Following example(seeFigure5.8) demonstratestheapplicabilityof thepro-
posedapproachfor a suf�ciently complicatedgeometricobjectwith 16 holesand
the resultof completelyautomaticreconstructionof the missingpartsof the ob-
ject. Let usnotethatareaswhereone–to–onemappingor neighborhoodsthatare
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Figure5.6: Zoom-upof oneof theholesafterstitichingprocess.

nothomeomorphicto adisccanbeobserveddemonstratethealgorithm's ability to
recover largeandcomplicatedareas.

Benchmarksaregivenin Table5.1.

A modi�ed
"Stanford
Bunny" model
(19207 poly-
gons), see
Figure5.7

Model "Port6"
(19467 poly-
gons) contains
16 holes (372
edges), see
Figure5.8

Total processing
time (including
IO and visual-
ization)

0 � 3 sec. 7 � 3 sec.

Table5.1: Surfaceretouchingbenchmarks.

5.5 Summary

In thischapter, asimpleandef�cient practicalalgorithmfor surfaceretouchingwas
presented.To achieve the objectives of simplicity andspeed,the reconstruction
processwasreplacedby a space–mappingtechnique,which allows reconstruction
of disconnectedsurfaceareas.Themethodhasthepropertythatthetotalmaskarea
W

�

includingall WR areasneednot includeexactlyall theregionsto beretouched;
it allows W

�

to be re�ned interactively in many steps,andeven to improve the
qualityof restorationby assigninguser–de�nedpointsin theareaWR.

To summarize:
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� The proposedapproachproducesnon–self–intersecting surfacesfor non–
disctopologyholes.

� CSRBFsproducegoodresultsin thesenseof visualappearance,accuracy of
restoration,andprocessingtime.

Finally, a prototypesoftwaresystemwith the following propertieswasdevel-
oped:

� It allows acompletelyautomaticreconstructioncontroledby severalparam-
etersto beproduced.

� It allows the designerto de�ne additionaldeformationsvery easily (intu-
itively), i.e. to produceinteractive sculpting.

This software systemwas designedin C++ using an opensourcelibrary, "The
VisualizationToolkit" (VTK)[36]. Our interfacelevel softwarewasdesignedand
testedfor useonaPCunderWindows (9x, ME, NT, 2000,XP).

A fastnew algorithmfor point stitchingbasedon the ideaof usingdynamic
programminghasbeendevelopedduringthework on thisproject.
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a

b c

Figure5.7: (a) A modi�ed "StanfordBunny" model(19207polygons)containing
severalholesin the input data.Redlinesshow thebordersof theholes. (b) Area
W

�

(shown in gray)automaticallyselectedto beusedasthesourcedatafor CSRBF
extrapolation.(c) Theresultof theholessurfacesreconstructionwith CSRBFex-
trapolation.
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Figure5.8: (First row) Theoriginal model"Port6" (19467polygons)contains16
holes(372edges).(Secondrow) Predictionof thesurfaceinsidethemissingareas:
stitching(left) andlinearsubdivision of thegeneratedsurface(right). (Third row)
Resultof CSRBFextrapolationfor themissingareas.



Chapter 6

Meshsmoothing

6.1 Intr oduction to the meshsmoothingproblem and re-
lated works

Complex polygonalmeshesarebecomingwidely availablewith advancesin 3D
scanningtechnique. But the points obtainedusuallyexhibit rough featuresdue
the inevitablephysicsnoiseaddedby a scanningdevice. Recentlymoreattention
hasbeenpaid to meshsmoothing,pioneeredby Taubinin 1995. In [78] a signal
processingapproachto meshsmoothingwasproposed.Rational�lters offer an
approachto meshsmoothing(seefor instance[79]), wherea Laplacianoperator
anda curvatureoperatorareusedto remove undesirablenoiseanduneven edges.
Subdivision schemes[80] arean alternative approachto the problem. Neverthe-
less,subdivision schemesare able to deal with arbitrary topology but not with
arbitraryconnectivity, aswasmentionedin [81]. A veryfastmeshsmoothingalgo-
rithm basedon themulti-resolutiontechniquein combinationwith theconstrained
minimizationof discreteenergy functionalwasproposedin [81]. Usingmeshhier-
archies,whereoneachlevel of detailscomponentsof thegeometricshapearechar-
acterizedby fairing, solvestheproblem.It leadsto interactive responsetimesfor
moderatelycomplex models,with about5K triangles.Nevertheless,off–line pre-
processing(an incrementalmeshdecimationalgorithm)is applied.Many authors
have consideredvery carefully questionsof geometricdistortionduring smooth-
ing andproblemsof preciseshaping(see,for instance,therecentpapers[82] and
[83], wherealgorithmsto preserve the sharpfeaturesof a meshwerepresented).
Nevertheless,to achieve interactivity, fastef�cient algorithmsareneeded.In this
chapter, it will be shown that CSRBFs[28] offer a mechanismfor obtainingex-
trapolatedpointsof a damagedsurfaceandthat they are trivial to implementin
the caseof surfacesmoothing,a sequenceof meshesgeneratedby themquickly
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convergesto a smoothsurfaceandin fact,exhibit high–qualityrestorationresults
in surface–retouching examples.Theproposedtechniquealsoillustratesvolume–
andfeature–preservingproperties,in practice.Proposedmethodis ef�cient, espe-
cially for largemodels,whereexistingmethodsareoftennotfastenoughor exhibit
excessive smoothingproperties;anapproachto obtainalmostinteractive response
for suf�ciently complex models(70K triangles)without off–line preprocessingis
presentedhere.

The approachproposedherefor surfaceretouchingoriginatesfrom the obvi-
ousrelationshipbetween3D surfaceretouching(or reconstructionof missingdata)
andthe2D inpaintingproblem.For morereferences,seethepioneeringwork [84],
which describesan image-inpainting(non-texture)algorithmbasedon partialdif-
ferentialequations.Seealsothe recentstudies([85], [86], [87]). The main idea
of the approachis to usethe user–de�ned portionsof the input imageto be re-
touched. The algorithmtreatsthe input imageasthreeseparatechannels(R, G,
andB), and�lls in areasto beinpainted.Actually, it is anextrapolationproblemin
which informationfrom outsideamaskedareais propagating.It is known thatthe
3D space–mappingtechniquecanbe appliedto surfacemodi�cation. Naturally,
user–selecteddatasetswhichafterlocal transformationarerepresentedin theform
z � f � x � y� , wherethez coordinateis usedasonechannel,canbeusedascontrol
points. In practice,the techniquerequiresthat a masked surfacerepresentedby
polyhedronsbe a closed,orientedmanifold embeddedin 3D spaceandhave the
propertythat, aroundevery oneof its points, thereexists a neighborhoodthat is
homeomorphicto aplane.Thatis, wecandeformthesurfacelocally into theplane
without tearingit or identifying separatepointswith eachother. Thus the term
"surfaceretouching"is usedto denotethe deformationof onesetof points into
anotherbetweentheboundariesof two polygonalshapes.

6.2 CSRBF–basedsurfacesmoothingalgorithm

Thereis a needfor a simpleandreliablemethodfor surfaceretouchingof unor-
ganizedpoints. From our point of view, the mostacceptableapplicationof the
proposedtechniqueis automatedcorrectionof rangedata.Oneof themaindraw-
backsof rangedataacquisitionwith a laserscanneris thatdatamaybemissingor
erroneousowing to specularities.For example,smallsphericalconcavities on the
"Moai" model(seeFigure6.1 (a)) appearat placeswheretheemittedlaserbeam
is orthogonal(or almostorthogonal)to thesurfaceof the scannedmodel. Range
datais capturedby the Minolta VIVID 700 laserscanner. The scanneracquires
200 � 200rangeimageswithin anoperatingrangeof 0.6 to 2.5m.

Standardshape–smoothingapproachesarenot appropriatefor removing such
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smallshapedefects,because

1. usuallythey areappliedto thewholemodelandthereforewill over smooth
(blur) curvedregionswithout thedefects,and

2. they do not take accountof thespeci�c roundshapesof thedefectsthatcan
betakeninto accountfor anautomaticcorrectionof rangedatasets.

The userstartsby markingan arbitraryregion on a model. In fact, the user
picks sequencesof surfacepointsde�ning a reconstructionareaanda landmark
area.Theinteriorarea(grey areain Figure6.1(b))is to beaffected.

a b c d

Figure6.1: Surfaceretouching:(a) "Moai" model,whosesurfacewasconstructed
from rangedata(courtesyof Dr. A. Belyaev of Max-Planck-Institutfur Infor-
matik). A sphericalconcavity canbeobserved (in thecentralareaof themodel).
(b) Reconstructionarea.(c) Maskarea.(d) Thesamesurfaceafterretouching.

Surfacesmoothing,in practice,requiresthat a masked surfacebe a closed,
orientedmanifoldembeddedin 3D-spaceandhave thepropertythat,aroundevery
one of its points, thereexists a neighborhoodthat is homeomorphicto a plane.
To satisfythis condition,we processpointsnearestto thepoint, which shouldbe
movedaccordingthefollowing scheme:

1. de�ne a nearestplaneby determiningthenormalfor eachpolygonandthen
averagingthenormalsatsharedpoints,

2. applysucha rotationto theneighboringpointsthatthenearestplaneis per-
pendicularto thez
 direction,
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3. calculatedifferencesor deviationsfor local z
 directionsthatde�ne the in-
versemappingfunction,

4. applya transformationfor theselectedpoint,and

5. produceinverserotationof thecalculatedpoint.

6.3 Experimentsand benchmarks

Figures6.2, 6.3 show the effect of CSRBFsmoothingof polygonalsurfacesand
Table6.1 shows theprocessingtime benchmarksanderror results(thedifference
from theoriginalmodel).

To de�ne theinversemappingfunction,adifferentnumberof verticesN canbe
usedfor interpolation.ThelargernumberN weselect,themorefeature–preserving
smoothingwill beperformed(comparethe imagesin Figures6.2 (b) and(c)) and
themoreaccuratelythevolumewill bepreserved(seeTable6.1).Toachievehigher
smoothingeffect several iterationsof the above algorithmcould be applied(see
Figure6.2(d) andFigure6.3(c)).

Theopportunityto de�ne theareato beretouched(seeFigure6.1 (b)) allows
theuserto suppressundesirablenoisein selectedareasthatcanleadto preserving
sharpfeaturesof anobjectin thecaseof consequentsurfacesmoothing,asshown
in Figure6.3(b) (modi�ed modelis shown in Figure6.1(d)).

6.4 Summary

In this chaptera simpleandfastalgorithmfor automaticsurfacesmoothingwas
presented.To achieve the objectives of simplicity andspeed,we replacethe re-
constructionprocessby a spacemappingtechnique,which allows reconstruction
of disconnectedsurfaceareasandallows furthermodi�cations(sculpting)accord-
ing to the 3D vectorsof deformationsselectedby the user, as wasdescribedin
Chapter4.

The methodhasthe propertythat the maskareaneednot includeexactly all
the regionsto be smoothed;it allows the local areato be re�ned interactively in
many stepsto preserve thealgorithm's speed,andeven to improve thequality of
restorationby assigninguser–de�nedpointsin thisarea.

The approachshows theobvious relationshipbetweenthesurfaceretouching
problemsandshapesmoothingthatis usedfor automaticsurfacesmoothing.

Describedalgorithmalsoexhibits goodfeaturesandvolumepreservingprop-
erties;it wasfound out that CSRBFsproducegoodresultsin the senseof visual
appearance,accuracy of restoration,andprocessingtime. Thealgorithmis two to
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"Stanford
Bunny" model
(35947 ver-
tices, 69451
polygons)

Root mean
square error
(RMS)

Difference in
volume(%)

Processingtime

11 points1 iter-
ation

0.00177134 0.132% 4.756sec.

5 points1 itera-
tion

0.000634002 0.243% 3.405sec.

5 points5 itera-
tions

0.00229198 1.273% 15.547sec.

"Moai" model
(10002 ver-
tices, 20000
polygons)
3 points1 itera-
tion

0.00139069 0.273% 0.891sec.

3 points5 itera-
tions

0.00294161 1.014% 4.345sec.

Table6.1: Meshsmoothing:processingtimeandRMSerrorsfor themeshsmooth-
ing examples.

threeordersof magnitudefasterthanmethodsbasedon partial differentialequa-
tions.
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a b

c d

Figure6.2: Meshsmoothing:(a) Theoriginal "StanfordBunny" model[88], (b)
smoothedmodelafteroneiterationbasedon 11-pointinterpolation,(c) smoothed
modelafteroneiterationbasedon 5-pointinterpolation,(d) smoothedmodelafter
5 iterationsbasedon 5-pointinterpolation.
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a b c

Figure6.3: Meshsmoothing:(a) Smoothed"Moai" afteroneiterationbasedon3-
point interpolation,(b) smoothedmodi�ed "Moai" modelafteroneiterationbased
on 3-point interpolation,(c) smoothedmodi�ed "Moai" modelafter 5 iterations
basedon 3-pointinterpolation.



Chapter 7

Image inpainting

7.1 Intr oduction to the imageinpainting problem and re-
lated works

In this chaptera novel fastalgorithmfor imageretouchingis presented.A space–
mappingtechniqueis usedto transforma missing(or damaged)partof a surface
into a differentshapein a continuousmanner. Experimentalresultsareincluded
to demonstratethe feasibility of the proposedapproach.The proposedapproach
shows theobviousrelationshipbetweenthesurfaceretouchingproblemandimage
inpainting. We considershapetransformationasa generaltype of operationfor
restoringmissingdata,andattemptto approachthewell–known problemof "ful-
�llment" of damagedor missingareasfrom a singlepointof view, namely, thatof
thespacemappingtechnique.

The approachproposedherefor reconstructionof damagedimageareas—
imageinpaintingproblem— originatesfrom theobviousrelationshipbetweenthe
2D inpaintingproblemand3D surfaceretouching(or reconstructionof missing
3D data). For referencesconcerningto the imageretouching,seethe pioneering
work of Bertalmioet al. [84], which describesanimage–inpainting(non–texture)
algorithm basedon partial differential equations. The techniqueto �ll a given
region with a selectedtexture waspresentedby Hirani andTotsukain [89]. See
alsotherecentstudies[85], [86], and[87].

7.2 CSRBF–basedimageinpainting algorithm

The main shortcomingof the proposedtechniqueis that the techniquewill fail
with retouchingof syntheticexamples(curve restoration)suchasthat in Figure4
of reference[89]. Nevertheless,in practicalapplicationsdealingwith real images,
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the possibility to usedifferent levels or separatedfragmentsof imagesthat was
realizedin an AdobePhotoshopplug–in (developedby our groupandavailable
for downloadfrom Web)allows to avoid intermixingdifferentcolorsfor abruptly
separatedcolorareas.In practice,it givessatisfactoryresults.

Thealgorithmtreatstheinput imageasthreeseparatechannels(R, G, andB),
and�lls in areasto beinpainted.R, G, andB valuesareusedasa heightdatafor
CSRBFextrapolation,aswasalreadydescribedin previous chapters.However,
for someimages(especiallytextured)this techniqueis notenoughto getplausible
results.In thecaseof imageinpaintingthe input datafor CSRBFextrapolationis
very regular, so it is possibleto selecta very small radiusof supportandprocess
the datavery fast. It is illustratedin Figure 7.1, wherea typical band-diagonal
submatrixfor imageinpaintingis shown.

Figure7.1: Imageinpainting:CSRBFSLAE matrix.

Hirani andTotsukain [89] proposedan elegant fastalgorithmfor imagere-
touchingof texturedimages.In fact,theiralgorithmexploitsa"cloning" technique,
wheretheuserhasto selectanarea,which is usedfor recoveringa damagedarea.
After that frequency andspatialdomaininformationis usedto merge a damaged
areawith selectedby theuser"cloning" area.Suchapproachallows gettingexcel-
lent inpatingresults;seeFigure4.2(b). Nevertheless,it is atediouswork to repaint
evena smallscratchbecausetheuserhasto selectvarious"cloning" areasasit is
shown in paper[89]. Figure4.2 (c) shows thatusinglocally de�ned neighboring
pointsfrom a landmarkareainitially surroundingthescratchproducessuf�ciently
goodvisualappearanceof theretouchedscratch.In thisexampleasimplestrategy
of usingaslidingwindow asalocallandmarkareaisusedandeachconsequentstep
usesdatacalculatedon previousstep.Themaskareais generatedautomaticallyas
a contractionof theareato beinpainted.Thealgorithmwasimplementedin Java,
HouseholderQRmatrixdecompositionis used;anAdobePhotoshopplug–inreal-
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izationof theproposedtechniquein C++ wasdeveloped.

7.3 Experimentsand benchmarks

Floatingpoint arithmeticis used;thus,beforeprocessingthe input datawe prefer
to normalizethemin orderto reducethenumberof possibletruncationerrors.To
illustratetheapplicabilityof thespace–mappingtechniqueto theimageinpainting
problemsomeexamplesareshown bellow.

The cost of inpainting is not linear to the size of the inpaintedarea;never-
theless,the inpaintingtime of thephotographof a dragon�y shown in Figure7.4
obtainedwith our algorithmwas0.06secondson a 1-GHzAthlon PC.A synthet-
ically producedblack scratchis the reconstructionarea. AdobePhotoshopGUI
interfaceallows us to selectautomaticallythis area,after that a landmarkareaas
a slight extensionof the reconstructionarea(oneor two pixels aresuf�cient) is
automaticallycalculated.

For theexampleshown in Figure7.5 (b), Bertalmioet al. [84] reportedanin-
paintingtime (for onecolor channel)of approximately7 minuteson a 300 MHz
PentiumII PC. In our experiments,we noticedthat it is possibleto repaintsmall
areaswithout noticeablelossof restorationquality. In our case,this meansthat
thecostof inpaintingis becomingnearlylinearandit allows to seetheresultsof
repaintingin an interactive way. Thus,for the exampleshown in Figure7.5 (c),
nearly all detailsare recoveredin the restoredimage,obtainedin lessthan one
secondin three-foursteps.Theprocessingtime for one-stepreconstructionof our
algorithmis about7 sec.Thealgorithmpresentedby Oliveiraet al. [85] is two to
threeordersof magnitudefasterthancurrentmethodsbasedonthesolutionof par-
tial differentialequations.For theexampleshown in Figure7.5 (a), they reported
an inpaintingtime of 0.49 secon a 1-GHz Athlon PC. But the authorsnotedin
[85] that their algorithmis suitableonly for inpaintingof smallareas.Figure7.3
demonstratesthatouralgorithmcanrepaintdisconnectedandsuf�ciently largear-
eas.

LocalCSRBFapproachwasusedfor Figures4.2, 7.7to gettheoptimalresults
for texturedimages.

Severalcharacteristicbenchmarksareshown in theTable7.1.

7.4 Summary

Proposedalgorithmis two to threeordersof magnitudefasterthanmethodsbased
on partialdifferentialequations.Thework presentedheredoesnot discreditpre-
viousmoreimage–orientedmodelsbasedon level–setformulation.Moreover, our
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a b

Figure7.2: Imageinpainting: (a) A fragmentof the Dali's famouspicturearti�-
cially damagedfor thisexamplewith theblackline, (b) Reconstructedimage.

approachdoesnot ensurea capabilityfor automatic�lling regardlessof theshape
andtopologyof theinpaintingdomain,asdiscussedin previouspapers.

Properselectionof the radiusof supportis not critical for interactive image
retouching. In practice,the usercan estimatethe size of the radiusof support
while de�ning a reconstructionarea.Nevertheless,it is critical to achieve optimal
computationalresults.

Algorithm wasdevelopedasanAdobePhotoshopplug–in,andit is thuspossi-
ble to useit in combinationwith AdobePhotoshopphotodesigntools. Theusage
of theplug–inis very simple,soevenaninexperienceddesignercanuseit to per-
form basicphotodesigntasks,aswasillustratedin Figure7.3.
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TestFile Processingtime
Figure 7.2 (300x30024bpp).
Inpainted area: 600 pixels.
Basearea: 1178 pixels. Se-
lectedradius:0 � 03.

Datasorting: 0 � 05 sec. Solu-
tion time: 0 � 03 sec. Recon-
structiontime: 0 � 03 sec.

Figure 7.4 (550x38824bpp).
Inpainted area: 380 pixels.
Basearea: 580 pixels. Se-
lectedradius:0 � 03.

Datasorting: 0 � 02 sec. Solu-
tion time: 0 � 02 sec. Recon-
structiontime: 0 � 02 sec.

Figure 7.5 (469x37724bpp).
Inpaintedarea: 5741 pixels.
Basearea:11972pixels. Se-
lectedradius:0 � 03.

Datasorting: 0 � 751 sec. So-
lution time: 7 � 19 sec. Recon-
structiontime: 0 � 44 sec.

Figure 7.6 (206x97 24bpp).
Inpainted area: 425 pixels.
Selectedradius:0 � 02.

Reconstructiontime: 0 � 186
sec. Local CSRBFapproach
is used.

Table7.1: Imageinpaintingbenchmarks.
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a

b

c

d

Figure7.3: Imageinpainting:it is veryadvantageousto useouralgorithmfor small
imagedesigntasks.(a), (c) — original images,(b), (d) — resultsof applicationof
ouralgorithm.Image(a) is from thepaper[84].
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a

b

Figure 7.4: Imageinpainting: (a) Damagedpicture of a dragon�y, (b) Recon-
structedimage.
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a

b

c

Figure 7.5: Image inpainting: (a) Old photograph(courtesyof Amy Miller
of Photo-Medic), (b) Result producedwith Bertalmio, Sapiro, Caselles,and
Ballester's algorithm[84], (c) Reconstructedimagefrom theproposedalgorithm.
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a

b

c

Figure7.6: Imageinpainting: (a) "Stone", from [89], (b) Resultproducedwith
A. N. Hirani andT. Totsuka's algorithm[89], (c) Reconstructedimagefrom the
proposedalgorithm.

a

b

Figure7.7: Imageinpainting: (a) "Fabric", from [89], (b) Reconstructedimage
from theproposedalgorithm.



Chapter 8

Conclusions

8.1 Surfacereconstruction

A challenginggoalin CG andCAGD is to provide a powerful techniquefor mod-
eling the shapeof an object. Indeed,whenwe areusingonly genericproperties
suchaspositionof apointof theobjectthatis deformedtheproblemof construct-
ing smoothsurfacesatisfyingcertainconstrainscanbe formulatedasa mapping
functionfrom �

3 �

�

3. Suchspacemappingtechniquebasedon RBFsis a pow-
erful tool, which offers simpleandquite generalcontrol of simulatedshapes.In
fact,amodelof extendedspacemappingis usedandincorporatesgeometricspace
mappingsandfunctionmappingsfrom �

3 �

� .
CSGisusuallyusedin many CAGDapplications.Traditionally, CSGmodeling

usessimplegeometricobjectsfor abasemodelthatcanbefurthermanipulatedby
implementinga certaincollectionof operationssuchasset–theoreticoperations,
blending,or offsetting.

RBFs offer a mechanismto get extrapolatedpoints of a surfacefor various
partsof a reconstructedobjectthatcanbeusedas"CSGcomponents"to designa
volumemodel.

8.2 Surfacedefromations

Presentedalgorithmfor calculatingthe transformationis performedfastenough
to beusedin suchreal time applicationsascomputergames.Selectingthesetof
controlvectorsto de�ne thetransformationis quiteadif�cult andtime-consuming
task.Theopportunityto extendor localizetheactive (deformable)areaby assign-
ing variousradii of supportallows usto lightenthework of enduser.
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This optimizationnot only allows to performcomplex deformationsin real-
time,but alsosavesmemoryrequiredfor animation.For example,in themostpop-
ular3D gameengines(Quake,Unreal,Half-Life) for skeletonanimationof models
all coordinatesof all pointsof an objectarestoredfor every frameof animation,
what leadsto hugeamountof datastoredfor eachmodel. When the described
techniqueis used,only asmallamountof additionalinformationis needed.

8.3 Surfaceand imageretouching,meshsmoothing

A simpleandef�cient practicalalgorithmsfor surfaceretouchingandmeshsmooth-
ing werepresented.To achieve theobjectivesof simplicity andspeed,therecon-
structionprocesswasreplacedby a space–mappingtechnique,which allows re-
constructionof disconnectedsurfaceareas.Themethodhasthepropertythat the
total maskareaW

�

includingall WR areasneednot includeexactly all theregions
to beretouched;it allows W

�

to bere�ned interactively in many steps,andevento
improve thequalityof restorationby assigninguser–de�nedpointsin theareaWR.

A fastnew algorithmfor point stitchingbasedon the ideaof usingdynamic
programminghasbeenalsodeveloped.

8.4 Softwaresystemdeveloped

In this work a setof applicationsbasedon a speciallydesignedsoftwaretool im-
plementingeffective usageof CSRBFswaspresented.Theseapplicationsinclude
surfaceandvolumereconstructionusingimplicit functions,3D morphing,space-
mappingtechniquefor surfacetransformationsandimageandsurfaceretouching
andother. Thanksto theef�cient octreealgorithmusedin this study, theresulting
matrix for CSRBFsis a banddiagonalmatrix thatreducescomputationalcostand
permitshandlinglargedatasets.Algorithmsaredescribedin detailandtheresults
of experimentsaregiven.

Basedon thesealgorithmssoftware systemswere developedfor all the de-
scribedapplications.For evaluatingpurposesthesesoftwaresystemsareavailable
to downloadfrom thewebpagehttp://www.kar ls on.r u/c sr bf / .
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